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The electron spin is a very promising candidate for a
solid-state qubit [1]. Major experimental breakthroughs
have been achieved in recent years using quantum dots
formed in semiconductor heterostructures based on GaAs
technology [2, 3] 4, 5]. In such devices, the major sources
of spin decoherence have been identified as the spin-orbit
interaction, coupling the spin to lattice vibrations |6,/7,8],
and the hyperfine interaction of the electron spin with the
surrounding nuclear spins [9,110, 11, 12, 13, 14]. There-
fore, it is desirable to form qubits in quantum dots based
on other materials, where spin-orbit coupling and hyper-
fine interaction are considerably weaker [15]. It is well
known that carbon-based materials such as nanotubes or
graphene are excellent candidates. This is so because spin-
orbit coupling is weak in carbon due to its relatively low
atomic weight, and because natural carbon consists pre-
dominantly of the zero-spin isotope!?C, for which the hy-
perfine interaction is absent. Here we show how to form
spin qubits in graphene. A crucial requirement to achieve
this goal is to find quantum dot states where the usual val-
ley degeneracy is lifted. We show that this problem can be
avoided in quantum dots with so-called armchair bound-
aries. We furthermore show that spin qubits in graphene
can not only be coupled (via Heisenberg exchange) be-
tween nearest neighbor quantum dots but also over long
distances. This remarkable feature is a direct consequence
of the Klein paradox being a distinct property of the quasi-
relativistic spectrum of graphene. Therefore, the proposd
system is ideal for fault-tolerant quantum computation,
and thus for scalability, since it dfers a low error rate
due to weak decoherence, in combination with a high error
threshold due to the possibility of long-range coupling.

Only very recently, the fabrication of a single layer of
graphene and the measurement of its electric transporéeprop

by using suitable transverse states in a ribbon of graphene,
cf. Fig.[. In particular, we assunmsemiconducting arm-
chair boundary conditions to exist on two opposite edges of
the sample. It is by now feasible to experimentally identify
ribbons of graphene with specific boundaries on the atomic
scale. These are preferably of zigzag or of armchair type. Fo
an experimental realization of our proposal, one would have
look for ribbons with semiconducting armchair boundaries.

is known that in such a device the valley degeneracy is lifted
[28, 129], which is the essential prerequisite for the appear
ance of Heisenberg exchange coupling for spins in tunnel-
coupled quantum dots (see below), and thus for the use of
graphene dots for spin qubits. We show below that spin qubits
in graphene can not only be coupled between nearest neighbor
guantum dots but also over long distances. This long-distan
coupling mechanism makes use of conduction band to valence
band tunnelling processes and is, therefore, directlydbane

the Klein paradox in graphene [20, 21].

We now discuss bound-state solutions in our setup, which
are required for a localized qubit. We first concentrate on a
single quantum dot which is assumed to be rectangular with
width W and lengthL, see Fig[L. The basic idea of forming
the dot is to take a ribbon of graphene with semiconducting
armchair boundary conditions ir-direction and to electri-
cally confine particles iry-direction. The low energy prop-
erties of electrons (with energy with respect to the Dirac
point) in such a setup are described by the 4x4 Dirac equation
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where the electric gate potential is assumed to vary stepwis
V() = Vgate in the dot region (where 0< y < L), and
V(Y) = Vparrierin the barrier region (wherng< O ory > L). In
Eq. (), 0« andoy are Pauli matrices; is Planck’s constant

ties have been achieved [16/ 17, 18]. Two fundamental probdivided by 2r, v the Fermi velocity, and the charge of an

lems need to be overcome before graphene can be used dfectron. The four component spinor envelope wave function
form spin qubits and to operate one or two of them as proy — (\P,(AK)’LPESK)’ _\y(AK’), _qz(BK’)) varies on scales large com-
posed in Refs| [1.9]: (i) Itis diicult to create a tunable quan- pared to the lattice spacing. At this point, we are only inter
tum dot in graphene because of the absence of a gap in th&ted in the orbital structure of the wave function. The spin
spectrum. The phenomenon of Klein tunnelling makes it hardjegree of freedom is neglected until the final part, where we
to confine particles [19, 20, 21]. (ii) Due to the valley de- discuss the Heisenberg exchange coupling for spins in tunne
generacy that exists in graphehel[22, 123, 24], it is nonalriv - coupled quantum dots. In the wave functi¥nA andB refer

to form two-qubit gates using Heisenberg exchange couplings the two sublattices in the two-dimensional honeycomb lat
for spins in tunnel-coupled dots. Several attempts have beg;ce of carbon atoms, where#sandK’ refer to the vectors
made to solve the problem (i) such as to use suitable traseverk andK in reciprocal space corresponding to the two valleys
states in graphene ribbons to confine electrons [25], to comn the bandstructure of graphene. The appropriate semicon-
bine single and bilayer regions of graphene [26], or to aghie ducting armchair boundary conditions for such a wave func-

confinement by using inhomogeneous magnetic fields [27kion have been formulated in Ref. [28] and can be written as
The problem (i) has not been recognized up to now. Herg, = A B)

we propose a setup which solves both problems (i) and (ii)

at once. Similar to Ref| [25] we choose to confine electrons PR = PR, PO = 2R K)L Ly (2)
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is purely imaginary. In the dot region (& y < L), the
wave vectork in y-direction is replaced by, satisfyinge =
eVgate + V(03 + k?)Y/2. Again the= sign refers to conduction
and valence band solutions. In the following, we focus on
conduction band solutions to the problem.

Since the Dirac equatioii](1) implies the continuity of the
wave function, the matching condition gt= 0 andy = L
allows us to derive the transcendental equatiorzfor

X (20— 29)? — (1 - Z0xZ0f)? = O ®)

with zox = (qo + ik)/(g3 + k)2, Eq. [B) determines the al-
lowed energieg for bound states. In order to analyze the
solutions to Eq.[(5), we distinguish two cases, one where
is real, and the other, whekeis purely imaginary. The two
cases are distinguished by the conditier- eVgad > AV
andle — eVgad < hivep, respectively. Furthermore, we assume

FIG. 1: Schematic of a graphene double quantum dotEach dot that Vgate # Vbarrier 1-€., 20k # Zyk. If we relax this assump-

on a ribbon of graphene (grey) with semiconducting armaba@dres solution to Eq.[{b) exists, namety; = 1, which implies that

hite). Confi ti hieved by tuning th It iadpb ~ . . . .
(white). Confinement is achieved by tuning the voltages iagt k = 0. The corresponding wave function to this solution van-

the “barrier” gates (blue) to appropriate values such thatid states . . ) .
exist. Additional gates (red) allow to shift the energy levef the ishes identically (see App. A for further details). In thesea

dots. Virtual hopping of electrons through barrier 2 (tieksd) ~ Wherek is purely imaginary, there is no bound-state solution.
gives rise to a tunable exchange coupliidpetween two electron This is due to the fact that such a solution would have to exist

spins localized in the left and the right dot. The exchangepting  directly in the bandgap. We now analyze solutions for keal
is then used to generate universal two-qubit gates. In the corresponding energy window

le — eVgatd > IvQo > |e — €Voarried, (6)

corresponding toa widthV of Fhe ribbon shoyvn in Fid11, we can simplify Eq.[{b) considerably, obtaining
whereW is not an integer multiple of three unit cells. The

signs in Eq.[(R) (as well as in Eq](3) below) correspond to the - vk \[(vap)? — (& — €Vbarrier)?
two possible choices of a number of unit cells that is not an tankl) = (e - ! _ _ 2" @)
: X . & — €\harrier) (& — €Vgate) — (V)
integer multiple of three. The full set of plane wave solaotio
of Eq. (@) is readily determined_[29]. It is well known that We show a set of solutions to Ed. (7) for a relatively short
the boundary conditiori]2) yields the following quantipati  dot (oL = 2) as well as a longer doyfL = 5) in Fig.[2.
conditions for the wave vectdy, = g, in x-direction [28/ 29]  The number of bound statéd (for n = 0) is maximal if
= (n+1/3)t/W nez 3) AV = Vparrier — Vgate iS €xactly as large as the sizg of th.e gap
Egap = 2V, thenNmax = [\/éqoL/ﬂ, where[x] is the in-
An explicit form of the corresponding wave functions is pre- teger just larger thar. The level spacing associated with the
sented in App. A and App. B. The level spacing of the modesllowed solutions of Eq[{7) increaseslasecreases and has
(3 can be estimated ase ~ #vr/3W, which givesAe ~ 3 rather complicated parameter dependence. It can, however
30 meV, where we used that- 10°m/s and assumed a quan- pe estimated to be of the orderas ~ 7vr/maxW, L}, which
tum dot width of aboutV ~ 30 nm. Note that EqL{3) also s in the energy range of a few tens of meV as mentioned be-
determines the energy gap for excitations&gg, = 2ivep.  |ow Eq. (3). In Fig[B, we show the energy bands of a single
Therefore, this gap is of the order of 60 meV, which is un-dot and two neighboring barrier regions as well as a double
usually small for semiconductors. This is a unique featurgjot setup with three barrier regions. The double dot case il-
of graphene that will allow for long-distance coupling ofrsp  |ustrates how we make use of the Klein paradox to couple two
gubits as will be discussed below. dots.
We now present in more detail the ground-state solutions, A particular example of a wave function is shown in
i.e. n=0in Eq. [3). The corresponding ground-state energyrig.[4. It is a ground-state solution under the parameteiceho
& can be expressed relative to the potential bakfier Voarier  e(Viarrier — Vgatd = 0.67vgp, andgoL = 2 (indicated by the ar-
in the regiony/ < 0 andy > L ase = €Vharrier= AV(G5 + k)2 yow in Fig.[2). The weight of the wave function on tide
Here, thet sign refers to a conduction ban€)(and a valence  andB lattice sites is dferent, however, the integrated weight
band ) solution to Eq.[(lL). For bound states to exist and tojs the same as required by the normalization condifioh [28].
decay ay — +oo, we require thakvop > |e — €\barried, Which  Ground-state solutions (i.e. the lowest lying (red) lines i
implies that the wave vectd, = kin y-direction, given by Fig.[2) have no nodes in the dot region — similar to the cor-
responding problem of confined electrons that obey the non-
k=i \/(% — ((& = €Vbarrie) /7IV)?, (4)  relativistic Schrodinger equation. Excited-state sohs in
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FIG. 2: Bound state solutions for two diferent dot sizes.Bound-
state solutions of a relatively longdlL = 5, left panel) and a shorter
(qoL = 2, right panel) quantum dot are shown. The diagonal straight
lines mark the area in which bound-state solutions can octhe
arrow marks the solution for which the wave function is @dtin
Fig.[4.
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parameter regions in which they exist, do have nodes in the
dot region, which is shown in Fig. 8 of App. C.

We now turn to the case of two coupled graphene quanturE
dots, separated by a potential barrier, as sketched i Fig.
each dot filled with a single electron. It is interesting tl& as
whether the spinss of these two electrons (= 1,2) are e ingicate the energy bands of the quantized modes duerts-tra
coupled through an exchange couplititixch = JS1 - S, IN - yerse confinement. All modes are non-degenerate solutiorgley

the same way as for regular semiconductor quantum dots [9%pace. They come pairwise in a sense that always two of them ar
because this coupling is, in combination with single-spin r separated by a distangeq, in energy space. In the figure, this is il-
tations, stficient to generate all quantum gates required fordustrated for the energy levels corresponding to wave vecgand
universal quantum computation [1]. The exchange couplingi-: as well axi; andg-,. In the dot region, the electric confinement
is based on the Pauli exclusion principle which allows forin longitudinal direction yields an additional level stture, i.e. the
electron hopping between the dots in the spin singlet stat@"® shown in Fig.12. For clarity, we only show the dot levelstth
(with opposite spins) of two electrons, but not in a spinletp  2'€ located in the gap of the barrier regions and are, threrdound
(with parallel spins), thus leading to a singlet-tripleitsp states. In the figure, we choose to present a situation witle thound

IG. 3: Energy bands for single and double dot case. (&fnergy
ands for two barrier regions and a single dot. The red areksea
continuum of states in the valence bands and the blue ardesraar
continuum of states in the conduction bands. In the baregions,

. . : : states in total: Two of them are of time= O series (straight red lines
ting (exchange energy). However, a singlet-triplet split-
ting J # O only occurs if the triplet state with two elec-

in the center region) and a single one is of the —1 series (straight
green line in the center regionfb) Energy bands for a double dot

trons on the same dot in the ground state is forbidden, i.egetup. A single bound state (straight black line) is showthéncon-

in the case of a singlaon-degeneraterbital level. This is

duction band of the left dot and two bound states are showhen t

a non-trivial requirement in a graphene structure, as ik bul conduction band of the right dot. They are coupled via theigen
graphene, there is a two-fold orbital (“valley”) degengrat  uum in the valence band of the central barrier which is emhbie
states around the poinks andK’ in the first Brillouin zone. the Klein paradox.

This valley degeneracy is lifted in our case of a ribbon with

semiconducting armchair edgeand the ground-state solu-

tions Qetermlned by EqlX7) are in fact_ nqn-degenerate: Thﬁ/ave functions of the left and right dots amads the single-
mag”'“.’de of the exchange (;ouplln% "}’,'gh'” a Hund-Mulliken particle ground state energy. Note that the overlap integra
_model IS E]J = (-Un + (Ui + .16tH) )/2+ V, wheret vanishes if the states on the left and right dot belong to dif-
is the tunnelling (hopping) matrix element between the Ief[ferent fransverse quantum numbegs# .. For the ground
and right dotU is the on-site Coulomb energy, aidis the state mode, we have, = ng = 0 z;md t?]Ré hopping matrix
direct exchange from the long-range (inter-dot) Coulomb in element car’1 be estimated fbr L és

teraction. The symbolgy; andUy indicate that these quan- ~
tities are renormalized from the bare valuesndU by the 8)
inter-dot Coulomb interaction. Fdr « U and neglecting

the long-ranged Coulomb part, this simplifies to the Hub-whereaq andés, are wave function amplitudes (with dimen-
bard model resuld = 4t?/U wheret is the tunnelling (hop- sion Jlength) that are specified in App. C. As expected, the
ping) matrix element between the left and right dot and exchange coupling decreases exponentially with the barrie
is the on-site Coulomb energy. In the regime of weak tunthickness, the exponent given by the “forbidden” momen-
nelling, we can estimatex sf‘PI(x, Y)PRr(% y)dxdy, where  tum k in the barrier, defined in Eq[](4). The amplitutle
YLr(XY) = P(X Yy + (d + L)/2) are the ground-state spinor can be maximized by tuning to a bound-state solution, where

t = deaodpWdak expdK|),
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FIG. 4: Ground-state wave function. Normalized squared wave
functions|¥al? = P12 = [¥E2 andwel? = (P82 = 9E2 for

the bound state solution for the parameter che{8garier— Vgate) = / . . .
0.67vep, andgol = (7/3)L/W = 2 (indicated by the g;rrlgw ingla:tiﬁl 2). H'EBK )I? of two qubits separated by a distartbe: 10L, whereL is the
The corresponding energy is given by~ 1.31- vgp. The dotted length of each quantum dot, are plotted next to each otherodngl
lines indicate the dot region @y < L state (of the series with the transverse quantum numbe) in the

left dot is coupled to a ground state (of the same series nvithO)
in the right dot. The coupling is as largetas 0.03¢, wherez is the
ground-state energy. Furthermore, the qubits are higtdglized,
‘ which can be seen from the rati(in)/P(out). Here, P(in) is the
le - evbaf_”efl app_roaCheﬁVOD (frc_)m bel_ow). Thendlkl <1l robability of the electron to be inside the corresponding ahd
Such a fine-tuning can be easily achieved in graphene 0|u‘5"_€"(out) is probability to be outside the dot in the barrier regiofise

tum dots, where the small band gap allows to sweep through farameters chosen for the potential (in unité,/€) areVaarien =
and, therefore, to use conduction and valence band Stdtes (@, ies= 1, Viarrierz = 1.65, Vgate1 = Vgatez= —0.5.

the barrier region) to couple quantum dots. In Eip)3we
sketch the energy bands for the double dot case which shows
how confined states in the two dots can be coupled via co-
tunnelling processes through the continuum of states in th
valence band of the central barrier region. Remarkablg, thi
opens up the possibility for long distance coupling of ettt
spins because, in the limi — €\bariel — AV, the coupling

t depends only weakly on the distarttbetween the quantum
dots. However, already for bound state solutions ykith> 1,

a coupling over a length exceeding several times the dot siz
is possible. For the situation where we couple two grounc
states in the quantum dots, we find, for instance, a solutio
wherel|kld = 4, d = 10L, and the coupling can still be as

!arge ast =~ 0‘.03‘9 for highly localized qubits. Thls example oupled via cotunnelling processes through the valencesbafrbar-

IS.Shown |n.F|gEB. I \.Ne couple a ground statelln the one do ier 2, barrier 3, and dot 2. The center dot 2 is decoupled tyrde

with an excited state in the other dot, the h_opp|ng matrix gleing_ The energy levels are chosen such that < As;. The triple

mentt can be even larger. The corresponding wave functiongot example illustrates that in a line of quantum dots, itissible to

for that case are illustrated in Fig. 9. The values,df, and  strongly couple any two of them and decouple the others hyndet

J can be estimated as follows. The tunnelling matrix elemening. This is a unique feature of graphene and cannot be aathiev

t is a fraction ofe ~ 30meV (for a width ofW ~ 30nm),  semiconductors such as GaAs that have a much larger gap.

we obtain that ~ 0.5...2.5meV. The value fotJ depends

on screening which we can assume to be relatively weak in

graphenel[24], thus, we estimate, eld.» 10 meV, and ob-

tainJ~ 0.1...1.5meV. strongly coupled and the center dot is decoupled by detuning
For the situation with more than two dots in a line, it turns The tunnel coupling of dot 1 and dot 3 is then achieved via

out that we can couple any two of them with the others beindlein tunneling through the valence band of the two central

decoupled by detuning. We mention here that our model idarriers and the valence band of the center dot. It is impbrta

based on a single particle picture. Such a modiectively  for the long-distance coupling that the exchange coupling o

captures ffects of Coulomb interactions as far as they can bequbit 1 and qubit 3 is primarily achieved via the valence band

described within the constant interaction model for quantu and not via the qubit level of the center dot — leaving the fjubi

dots [30]. The Coulomb interaction then only shifts the gger state of dot 2 unchanged. Using the standard transitioribxmatr

levels in each dot by a constant. In Hig. 6, we illustrate the s approach, we can compare the transition rate of coupling dot

uation of three dots in a line where the left and the rightdeta 1 and dot 3 via the continuum of states in the valence band of

FIG. 5: Long-distance coupling of two qubit ground states.The
normalized squared wave functiofig? = [#112 + w12 4 w2 1

n
FIG. 6: Triple quantum dot setup. The energy bands of a triple
guantum dot setup are shown in which dot 1 and dot 3 are strongl
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the center dot (which we cdllyg) with the transition rate via space corresponding to the two valleys in the bandstruofure
the detuned qubit level of the center dot (which we Tal). graphene.

We obtain for the ratio (see App. D for the derivation) Plane wave solutions to Ed] (1) take the form [29]
Tve/Te ~ (L/W) In(4A/Egap), © RO =x (e, W) = (e (A3)

where A ~ 6eV is the band width of graphene. There- With

fore, by increasing the aspect ratigW, it is possible to in- 1 0

crease the ratByg with respect ta'gg. ForL/W = 2 and " Zok | janx o o 0 | jg.x

Egap = 60meV, we find thal"VB/FsB ~ 12, meaning that XEHZ(X) = @l o e+ 8.+ ~Znk e

the qubit level in dot 2 is barely used to couple dot 1 and dot 0 1

3. This is a unique feature of graphene quantum dots due to —Z 0

the small and highly symmetric band gap, which is not known 1 . ol .

to exist for other semiconducting materials. The availgpbil + bn. 0 e 4+ by, 1 g 'nX

of non-local interactions is important in the context of qua 0 Zoi

tum error correction, as it raises the error threshold faltfa '

tolerant quantum computation [31]. In conclusion, we have (A4)

proposed a setup to form spin qubits in quantum dots based g{hd

graphene nanoribbons with semiconducting armchair bound- 0

aries. For such a system, we have calculated bound states of a ZT‘ ol

tunable dot and outlined how two-qubit gates can be realized Xf]’lz(x) = an-| g e + &) 1 glnX

We expect very long coherence times for such spin qubits ’ 0 7

since spin-orbit coupling and hyperfine interaction arevkmo k

to be weak in carbon, see App. E. Furthermore, we have found 1 0

that the high f!exibility in _tuning graphene quantum dots.in + by Ak | grigex |y ) 0 aidnX

combination with conduction band to valence band tunngllin ~{ O "7 Znk

based on the Klein paradox allows for long distance coupling 1

of electron spins. Therefore, we propose a system which can (A5)
serve as the fundamental building block for scalable anit-fau Th | b L b
tolerant quantum computing. € complex numbe&h IS given by

On + ik
Zok = t————. (A6)
’ k2 2

APPENDIX A: GENERAL MODEL K® + g

The energy of the state in the barrier regions (0 andy > L,
We now present in detail how to derive solutions for boundWhereV = Viarie) is given by
states in a graphene quantum dot. The dot is assumed to >
be rectangular with widtiW and lengthL as illustrated in & = Vbarrier + fIV4 Qg + k2.
Fig. 1. The basic idea of forming the dot is to take a strip
of graphene withsemiconducting armchalvoundary condi-
tions in x-direction and to electrically confine particlesyn
direction. Transport properties of a similar system hawnbe _ [ > T2
discussed in Ref. [25]. & = EVgatex AV Gy + K. (A8)
The low energy properties of electrons with enekgin  The + sign in Eqs.[(AB) —[(AB) refers to conduction and va-

(A7)

In the dot (O< y < L, whereV = Vgyae the wave vectok is
replaced by, satisfying

such a setup are described by the 4x4 Dirac equation lence bands. In the following, we concentrate on conduction
band solutions of the problem (keeping in mind that there is
_ ihv(O'xax J(S aydy p 0 P )\y+ eV(y)¥ = ¥, (Al) always a particle-hole conjugated partner solution).
~Ox0x + 0y0y The transverse wave vectqy as well as the cdicients

ans, A, 4, bn s, by, Of the n-th mode are determined (up to a
normalization constant) by the boundary conditiong at 0
Vogate (0<y<L), andx = W. We consider a class of boundary conditions for
V) = { Vparies  Otherwise (A2) " which the resulting parameters are independent of the Jongi
tudinal wave vector& andk. We are particularly interested
In Eq. (Al), o« andoy are Pauli matrices’i is Planck’s con-  in semiconducting armchair boundary conditions defined by
stant devided by 2 e is the electron charge, andis the  [24]
Fermi velocity. The four component envelope wave function
¢ = (Pl O gl gy yaries on scales large com- Py o = (0 ﬂ) ¥ (A9)
A>"B°> “A > B x=0 10 x=0>
pared to the lattice spacing. Her&,andB refer to the two
sublattices in the two-dimensional honeycomb lattice of ca w _
bon atoms, whered§ andK’ refer to the vectors in reciprocal beew = gzm/3q 0

with the electric gate potential

0 eizm/3g
)‘Plx:w, (A10)



whereu = #1 is defined by the width of the graphene strip However, the corresponding wave functions to the allowed en
W = ap(3M + p), with M a positive integerdy = 0.246 nmis  ergy solutions[{AIl7) vanish identically. So, in order to fro
the graphene lattice constant), ahds the 2x2 unit matrix. A ceed, we have to find other (less trivial) solutions to tha-tra
strip whose width is an integer multiple of three unitcelis{  scendental equation (AlL6). Since the case = z,; only

0) is metallic and not suitable for spin qubit applicationbe  has the trivial solution {All7), we can assume that # z,;,
states of a semiconductor strip are non-degenerate (ieyvall which means thaWparrier # Vgate Then, we find that

space): )
x 65 = 517 PkInk (A18)
O = V—V(n +u/3), neZ (Al1) Ik~ D
_ To analyze the solutions of Ed._(A18), we distinguish two
with a,. = b, = 0,8, = by. (forp = -1)ora;, =  cases, one where
bn: = 0,a,: = by, (for u = 1). Note thaig, determines the "
size of the gap for each modethat is due to the boundary S =ikL (A19)

conditions. The size of the gap of modés given by Zivq,.
For concreteness, we consider the casg ef 1 only. It can

be shown that for the case pf= -1, the bound states and
normalized squared wave functions have exactly the same d
pendence on the parameters of a quantum \d@tsier, Vgate

is purely imaginary (i.e.k is real), and another, whe® is
real. The two cases are distinguished by the critefion
eVyad > 7iVOh and|e — eVyad < 7iVOL, respectively. In the
former case, since the Ihs of EQ.(A18) has modulus unity, als
the rhs must be unimodular, which is satisfied if in addition

W, andL. . :
! . le — €\Wbarriel < fivth. This case, where the equation for the
th Our ar(ljsatz for a bound state solution at energy Eq. (1) argument of Eq.[{AI8) remains to be solved, is discussed in
enreads Sec[B. The latter case whesds real has no solutions.
aaxgjz(x)e—iky’ if y<o, Indeed, let us rewrite Eq_(A18) as follows:
= IBan%)(X)elky + 'y;vvf;ﬁ)(x)e*'ky, if 0<y<L, (Al12) S _ 1= —2kk . (A20)
5F1Xn,k(x)elk(y_l')v if y>L. q% — (& — eVbarrien (& — eVgatQ/(hV)2 +kk
For bound states, the wave function should decay fer+co, ~ Taking into account thaj > (& — €Vbarien)(€ — €Vgatd/ (Av)?
SO we require that andkk € R, we find that the left and right sides of this equation
have diterent signs, therefore, E§. (A18) has no roots for any
k=i /62 ~ (& — Vharrie)?/ (V)2 (A13)  purely imaginank.

wherehva, > |e — €Married always has to hold.
To find bound state solutions, we have to analyze the fol-
lowing set of equations (coming from wave function matching

APPENDIX B: BOUND STATE SOLUTIONS

aty=0andy = L) We now restrict ourselves to the energy window
an (Zn,k) = Bn ( 1 ) v (Znﬁ) (AL4) ) le — €Vgard > VO > |& — €Mbarried- (B1)
1 Znk 1 Thenk is real, thereforée®| = 1 and|z,il = 1. Furthermore,
1 1 A is real. We define, ; = €%, where
) mfifoonlien e
' 3 0n = arctank/qn). (B2)

wherean = afan -, Bn = Bran+, ¥n = Yh@n,-, On = dpan+, and i i i -
S = ikL. We can write Eq [(AT4) as It is easy to verify that in the energy windolw (B1)

1- 270z,
Zw -1 —zg 0)(an . |=1 (B3)
0 -€ -z &> 1 ||| (A15) We can now rewrite EqL{A18) as
7 . _aS
0 -7 - s 0 sinn(1-2,) -
tankL) = :

The allowed energy valuesare readily determined by finding

. _ 22, — (1 + 22, ) cost,
the roots of the determinant of the matrix on the lhs of the ’

latter equation and further simplify this expression by using that
(2~ 2,0 - (1= Zuz) = 0. (A16) sing, = — K% (85)
A rather obvious solution ig,; = 1 (which implies that yl+ (k/an)?
S = 0) corresponding to oty = 1 . (86)

& = £hVG + eVyare (AL7) V1+ (k/an)?



After some algebra, we obtain

—ikk — T

tankL) = . (87
kL) (& — €Vbarrien(e — eVgate)/ (hv)z - q% ®B7) 0.06
N’}. I~
The latter equation in combination with Eq._(A13) yields =
Eqg. (7). Numerical solutions to Eq. (B7) are shown in Fig. 2. Z oak

By applying diferent voltages to the gate and the barri-
ers we shift the energy bands of the graphene ribbon un-
der the barriers with respect to that of the quantum dot. A 0.02f
bound state in the quantum dot is allowed once the energy
of the state hits the band gap of the barriers. If thiedi
ence of the barrier and gate voltagt¥ = [Vparier — Vgatd -5
is less than the energy of the gapvig,| for n-th subband,

k of a bound state lies in the intervathmax kmax, Where g1, 7: Ground-state wave function. Normalized squared wave
kmax is found from the conditiom(kmax) = Vbarrier + M0l function W2 = ¥R = &R and|Wel2 = [#EOR = 98P for
and, thereforekmax = €AV /1 + 2avignl/€AV. The num-  the ground state solution of a dot of lenggt. = 5 with correspond-
ber of bound states (for a given subband indgis propor-  ing energys = 1.1017vd,. Here,&(Vparrier — Vgatd = 0.5Av,. The
tional to the length of the quantum datand is given by dotted lines indicate the dot regionOyc, < 5.

N = TkmaxL/7] ([X] is the integer just larger thay) . The

number of the bound states of theth subband is maximal,

when the barrier-gate voltagefidirence equals the energy

band gap 4V = 2Mdn), and sONmax = T V8idnlL/x]. In (for u = A, B each) finally determines the normalization con-

the case oAV > 27v|qy|, the top of the valence band of the . . o
graphene ribbon under the barriers becomes higher than tﬁ(%?m. of the Wave.funcuon. With the ansdiz(A12) we expiicit

; obtain the following components of the wave function
bottom of the conduction band of the quantum dot, therefore,

there are no bound states with energies €Vharrier — 7V|Qp|
and|k| of a bound state lies in the intervad{in, kmax, where

. i anZok€h¥e Y,
kmin is found from the conditiore(kmin) = Vbarrier — AVIOnl (K) 0 x ik X ik
~ e v = OnXalKY ~@ddnXa-IKy C3
(kmin = €AV /1 — 27vign|/€AV), therefore, bound states lie in a oY) g”gqnxgk(yi)ynznvkei € (C3)
the energy windove\harrier— 7iV|0n| < € < €Marrier+ AV(Qn| (8S " o
shown in Fig. 2) and the number of the bound states is given an€®e ™, o
by N = [KmaxL /7] = TKminL/71. YY) = 1 Buzyi@@ el + ypdied,  (C4)
With increasing the barrier-gate voltage ffdience, OnZnk€nxgkl-L)
a mth bound state appears akV, = -hvig + pZo e xerky
. 0 , ’_ o~ i . -~
AvAJQ2 + (/L)2(m — 1) with the energy? = Vgate + AVQ + _,{,(AK J0y) = pae ey 4 yozage e, (C5)
hvidn| and ends up akV; = Avign| + AV /G2 + (/L)% with S anxgky-L)
the energy;ﬁﬁ) = Vgae + AV1 — AiVIOn| (se€ Fig. 2). e Inxeiky
“FE(Y) = { Buzgre Y + ype e R, (C)
i OnZn e ianxgk(y-L)
APPENDIX C: WAVE FUNCTION nénk

Following Brey and Fertig [28], we write the wave function |, yne |atter equations, the first line corresponds to thioreg

as in space, wherg < 0, the second lineto & y < L, and the
\P%:;(X’ ) third line toy > L. Thus, we obtain that
Y (xY)
Pxy) =| oK) (C1) ,
~ta, (V) O = )R, (C7)
—¥g (%) (K) 2 _ k) 2
Ve (Y7 = W5 (xy)I*. (C8)

and give solutions for each component separately. As men-

tioned above, the subscripfs and B refer to the two sub- ) )

lattices in the two-dimensional honeycomb lattice of carbo e now plot the normalized squared wave function of a
atoms and the superscritsandK’ refer to the two valleys ~9round-state solution and a excited-state solution of avitht

in graphene. Note that the normalization condition [28] lengthgsL = 5 in Figs[T and8, respectively. These are ob-
tained from Fig. 2 under the choice the&{Wparrier — Vgatd =

. 1 0.57vg,. Evidently, the ground-state solution has no nodes in
(K) 2 (K" 2| - = . . X
fddXdy[HJu P+ 1O Y] = > (C2) " the dot region, whereas the excited-state solution hassiode
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FIG. 8: Excited-state wave function. Normalized squared wave
function|¥al? = [¥YR2 = U2 and|¥e? = U2 = w2 for
the first excited state solution of a dot of lenggh. = 5 with corre-
sponding energy = 1.347vq,. Here,&(Vparier — Vgaid = 0.5 hiva,.
The dotted lines indicate the dot regiox@/q, < 5.
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FIG. 9: Long-distance coupling of a ground state and an excited
state. The normalized squared wave functiof§® = #0972 +

PR+ w2 4 w2 of two qubits separated by a distance
d = 10L, wherel is the length of each quantum dot, are plotted

next to each other. A ground state (of the series with thestiense
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is achieved via a continuum of states in the valence band of
the barrier region as shown in Figl3 of the Letter. There-
fore, the long-range coupling is enabled by the Klein paxado
In the weak tunneling regime, the hopping matrix element is
given by

tre f P () Pr(X Y)dx dy (D1)

where¥| r(x,y) = ¥Y(x,y = (d + L)/2) are the spinor wave
functions of the left and right dots arads the single-particle
energy of the coupled levels. The integration in transvesse
direction is trivial and just gives a factW. The integration
in longitudinaly-direction can be restricted to the integration
windowy € [-d/2,d/2] if the wave functions are predomi-
nantly localized in the dot regions. Then, the hopping matri
element can be estimated e L as

t ~ deaodyWda exp(dk), (D2)

whereag andép are wave function amplitudes specified in
Egs. [C3) —[(Ck). In Eq[{D2), we assumed that only levels
of the series corresponding to the= 0 transverse mode are
coupled. It is easy to relax this assumption because, ifdrigh
transverse modes form bound states, then only modes with
n. = ng contribute tat, wheren, /g is the transverse quantum
number in the leftight dot. In Fig.[9, we demonstrate that

a rather large coupling df = 0.06¢ can be achieved over a
distance as large as ten times the size of the quantum dots
(see also Fig. 5 for comparison). Note that the qubits in this
example are well localized in the corresponding dot regions
The probability of the electron in the left dot to be in the dot
regionP(in) is 7.2 times larger than to be in the barrier regions
P(out). For the right dot, the ratio d®?(in)/P(ouf) = 2.7 is a

bit smaller but the electron is still predominantly localizin

the dot region.

2. Long-distance coupling in multiple quantum dot setup

In Fig.6, we propose a triple quantum dot setup in which
dot 1 and dot 3 are strongly coupled and the center dot 2 is

quantum numben = 0) in the left dot is coupled to an excited state decoupled by detuning. It is important that dot 1 and dot 3

(of the same series with = 0) in the right dot. The coupling is
as large a$ = 0.06¢, wheree is the ground-state energy of the left
dot. Furthermore, the qubits are still highly localized,iethcan be
seen from the rati®(in)/P(out). Here,P(in) is the probability of the
electron to be inside the corresponding dot &dut) is probability
to be outside the dot in the barrier regions. The parameters ¢
sen for the potential (in units divep/€) areVoarriers = Vbarriers = 1,
Vbarrier2 = 1~65|Vgatel: -0.5, andvga192: -0.9.

APPENDIX D: LONG-DISTANCE COUPLING

1. Long-distance coupling of two qubits

are coupled via the valence band states of dot 2 and not via
the (detuned) qubit level of dot 2. Otherwise, the spin of the
decoupled qubit level would betacted by the coupling of the
other qubits which is unwanted in the proposed long-distanc
coupling scheme. We assume that the gates that put the three
dots in the Coulomb blockade regime are set in such a way that
cotunnelling processes from dot 1 via dot 2 to dot 3 happen in
the following order: First, an electron tunnels from dot 2 to
dot 3 and then an electron tunnels from dot 1 to dot 2. The
system is described by the Hamiltonian

H = Ho + Hr, (D3)

where the kinetic term describes three qubit levels (1, 2, 3)
and the continuum of states in the valence band of dot 2

Here, we discuss a particular example of long-distance cou- H, = Z Z Evodl s 800 + Z Z eoby Do (D4)

pling of two qubits separated by a distarcte The coupling

a=1-30=1,] k o=11



and the tunnelling Hamiltonian reads where

. . L E
Hr = t) (a],a00 +a} a5, + Hc) vo(E) = —m—— (D12)

hvr ’EZ _ (Egap/2)2

is the density of states of the mode= 0 with Egap = 27ivap.

o ) . In Eq. (DI1), we integrate over the whole band width of the
In Eq. (D4), a,.» and by, annihilate electrons with spior yalence band (bounded y~ 6 eV). The approximate result
in the qubit level of dotr and in the valence band of dot 2, i, the second line of E_{D11) holds for the hierarchy of ener
respectively. We assume thei, = Es, (i.e. qubitland giesA » Eg,> Ey,. (Inamore general case, the integral in
qubit 3 are on resonance) and; = Ez; — E1o ~ Egap = Eq. (DI1) can still be evaluated analytically but yields ssle
2hvp (see Fig. 6). In EqL(D5), we make the approximationcompact expression.)

that all tunnelling matrix elementslepend only very weakly The contribution coming fromT Q¥ is evidently the
on energy and are real. The transmission rate from an initiad ., a11est term of the three terms olr? the rhs of EqJ (D9). If
stateli) to a final statelf) can be calculated using Fermi’'s ;e \want to compare the rate that does niéet the spin of

+ 1> (al,bes+bf a5, + Hc).  (D5)
ko

golden rule the qubit level in dot 2 (which we callyg) with the largest
o of the rates that doedftact the spin of the qubit level in dot 2
Wi = ;KflT(Si)|i>|2(5(8f - &) (D6)  (which we calll'gg), we can estimate

with the transition matrix given by (up to second ordekin) T'vs IT%B)I2 L
VB _ g ~ o IN@A/Eg.  (D13)
Tes  2Re [T TED) W

T(S)ZHT+HT " T+.... (D7)
£+ =Ho The latter result is Eq. (9). It shows that by increasing the

We can puty = 0 in the latter equation because we are onlya_SloeCt ratid./W we can increase the wgight of the coupling
interested in -resonant cotunnelling processes. This meanyia the valence pand states of d.Ot 2 (.Wh'Ch IS wanted) as com-
that As, (see Fig. 6) should be finite because we want t ared to the weight of the coupling via the qubit state of dot 2

have well-localized qubit states. The corresponding matri (Which is unwanted).
elements of the T-matrix (D7) may be written as

1 APPENDIX E: DECOHERENCE
(HT)k”,k’ +... (D8)

&— &

(T = (Hr)e + > (H)w
K Finally, we give some arguments and rough estimates for
Now, we want to calculatil g = (3T (Ev,)I1)2, wherel1) the spin decoherence in graphene. Itis generally belidwsd t

and|3) are the ground states of qubit 1 and 3, respectively. ThePin-orbit éfects are weaker in carbon than in GaAs due to the
lowest non-vanishing contribution 52 is of cotunnelling lower atomic weight. Therefore, the dominating mechanism

type, i.e., of fourth order in. It is possible to separate the for decoherence will be the hyperfine coupling to the nuclear

different contributions t¢T13 into three terms, namely spins that are present in the material. , ,
The coherence time given by the hyperfine coupling can be

2 _ 7(QB)2 (VB)2 QB+ (VD) estimated as [12] ~ vVN/cA™%, whereN is the number of
Maal” = Ta3"F + T "1+ 2Re[(M7T3571 - (09) atoms in the dot (for a typical graphene dbit,~ 10%), cN
In the latter equation|T!S?? determines the transition rate 'S the number of atoms per dot with a nuclear spin, and
the coupling constant of the hyperfine interaction. Since we
mainly deal withr orbitals in graphene, the contact hyperfine
hteraction is strongly reduced and the hyperfine inteoads
ominated by its dipolar part. From the best available calcu
ations for the dipolar hyperfine matrix elements/[32, 33jeo
obtains

via the qubit level of dot 2 (the unwanted proce$‘;§féB)|2
determines the transition rate via the continuum of state
in the valence band of dot 2 (the wanted process), an
2Re [(TgB))*TloéB)] is the interference term of the two paths. |
It is straightforward to derive that (for a given spinof qubit
2)

8 1o

1
o Adip = __ﬂBﬂ<r_3> ~ 0.38ueV, (E1)

TSP = g (D10) 54r

wherey is the nuclear magneton &1C, ug is the Bohr mag-
neton, andig the vacuum dielectric constant. This estimated
A vo(E) value forAgjp is smaller thamgaas * 90ueV by more than
T%B)(Elﬂ) - tzf dg_° two orders of magnitude. The natural abundancé®af is
Ewp2 Elo—E aboutc ~ 1% which yields, with the values quoted above, a
Lt2 coherence time of approximatelyr 10us, about a thousand
~ oy IN(44/Egap), (D11)  times longer than in GaAs. Unlike in GaAs, this value can be

This has to be compared with

Q
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improved by isotopic purification. Reducing th¥C content  preselection of the dots without any nuclear spin to be used a
by a factor of about 100 already decreases the average numubits.
ber of nuclear spins per dot to about one. This allows for a
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