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Control over electron-spin states, such as coherent manipulation, filtering and measurement
promises access to new technologies in conventional as well as in quantum computation and quantum
communication. We review our proposal of using electron spins in quantum confined structures as
qubits and discuss the requirements for implementing a quantum computer. We describe several
realizations of one- and two-qubit gates and of the read-in and read-out tasks. We discuss recently
proposed schemes for using a single quantum dot as spin-filter and spin-memory device. Considering
electronic EPR pairs needed for quantum communication we show that their spin entanglement can
be detected in mesoscopic transport measurements using metallic as well as superconducting leads
attached to the dots.

I. INTRODUCTION

∗ Theoretical research on electronic properties in meso-
scopic condensed matter systems has focussed primarily
on the charge degrees of freedom of the electron, while its
spin degrees of freedom have not yet received the same
attention. However, an increasing number of spin-related
experiments [1–6] show that the spin of the electron of-
fers unique possibilities for finding novel mechanisms for
information processing and information transmission—
most notably in quantum-confined nanostructures with
unusually long spin dephasing times [2–4] approaching
microseconds, as well as long distances of up to 100µm [2]
over which spins can be transported phase-coherently.
Besides the intrinsic interest in spin-related phenomena,
there are two main areas which hold promises for future
applications: Spin-based devices in conventional [1] as
well as in quantum computer hardware [7]. In conven-
tional computers, the electron spin can be expected to
enhance the performance of quantum electronic devices,
examples being spin-transistors (based on spin-currents
and spin injection), non-volatile memories, single spin as
the ultimate limit of information storage etc. [1]. On the
one hand, none of these devices exist yet, and experi-
mental progress as well as theoretical investigations are
needed to provide guidance and support in the search
for realizable implementations. On the other hand, the
emerging field of quantum computing [8,9] and quantum
communication [9,10] requires a radically new approach
to the design of the necessary hardware. As first pointed
out in Ref. [7], the spin of the electron is a most nat-
ural candidate for the qubit—the fundamental unit of
quantum information. We have shown [7] that these
spin qubits, when located in quantum-confined struc-

tures such as semiconductor quantum dots or atoms or
molecules, satisfy all requirements needed for a scalable
quantum computer. Moreover, such spin-qubits—being
attached to an electron with orbital degrees of freedom—
can be transported along conducting wires between dif-
ferent subunits in a quantum network [9]. In particu-
lar, spin-entangled electrons can be created in coupled
quantum dots and—as mobile Einstein-Podolsky-Rosen
(EPR) pairs [9]—provide then the necessary resources for
quantum communication.

For both spin-related areas—conventional computers
and quantum computers—similar and sometimes identi-
cal physical concepts and tools are needed, the common
short-term goal being to find ways to control the coherent
dynamics of electron spins in quantum-confined nanos-
tructures. It is this common goal that makes research
on the electron spin in nanostructures—spintronics—
a highly attractive area. While we advance our basic
knowledge about spin physics in many-body systems, we
gain insights that promise to be useful for future tech-
nologies.

We have remarked earlier [11] that there have been al-
most as many proposals for solid state implementations
of quantum computers as all the other proposals put to-
gether. A clear reason for this is that solid state physics
is a most versatile branch of physics, in that almost any
phenomenon possible in physics can be embodied in an
appropriately designed condensed matter system. A re-
lated reason is that solid state physics, being so closely
allied with computer technology, has exhibited great ver-
satility in the creation of artificial structures and devices.
This has been exploited to produce ever more capable
computational devices. It appears natural to expect that
this versatility will extend to the creation of solid state
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quantum computers as well; the plethora of proposals
would indicate that this is indeed true, although only
time can tell whether any of these proposals will actually
provide a successful route to a quantum computer.

In the following we will review the current status of
our theoretical efforts towards the goal of implement-
ing quantum computation and quantum communication
with electron spins in quantum-confined nanostructures.
Most of the results presented here have been discussed
at various places in the literature to which we refer the
interested reader for more details.

A. Quantum Computing and Quantum
Communication

The long-term goal of our investigations is quantum
information processing with electron spins. Thus, a brief
description of this emerging research field and its goals
are in order. Quantum computing has attracted much
interest recently as it opens up the possibility of out-
performing classical computation through new and more
powerful quantum algorithms such as the ones discov-
ered by Shor [12] and by Grover [13]. There is now
a growing list of quantum tasks [9,10] such as cryptog-
raphy, error correcting schemes, quantum teleportation,
etc. that have indicated even more the desirability of ex-
perimental implementations of quantum computing. In a
quantum computer each quantum bit (qubit) is allowed
to be in any state of a quantum two-level system. All
quantum algorithms can be implemented by concatenat-
ing one- and two-qubit gates. There is a growing num-

ber of proposed physical implementations of qubits and
quantum gates. A few examples are: Trapped ions [14],
cavity QED [15], nuclear spins [16,17], superconducting
devices [18–21], and our qubit proposal [7] based on the
spin of the electron in quantum-confined nanostructures.

Coupled quantum dots provide a powerful source of de-
terministic entanglement between qubits of localized but
also of delocalized electrons [9,7]. E.g., with such quan-
tum gates it is possible to create a singlet state out of two
electrons and subsequently separate (by electronic trans-
port) the two electrons spatially with the spins of the two
electrons still being entangled—the prototype of an EPR
pair. This opens up the possibility to study a new class
of quantum phenomena in electronic nanostructures [9]
such as the entanglement and non-locality of electronic
EPR pairs, tests of Bell inequalities, quantum teleporta-
tion [22], and quantum cryptography [23] which promises
secure information transmission.

B. Quantum Dots

In the present work, quantum dots play a central role
and thus we shall make some general remarks about these
systems here. Semiconductor quantum dots are struc-
tures where charge carriers are confined in all three spa-
tial dimensions, the dot size being of the order of the
Fermi wavelength in the host material, typically between
10nm and 1µm [24]. The confinement is usually achieved
by electrical gating of a two-dimensional electron gas
(2DEG), possibly combined with etching techniques, see
Fig. 1. Precise control of the number of electrons in the

FIG. 1. An all-electrically controlled quantum dot array. The electrodes (dark gray) confine single electrons to the dot
regions (circles). The electrons can be moved by electrical gating into the magnetized or high-g layer to produce locally different
Zeeman splittings. Alternatively, such local Zeeman fields can be produced by magnetic field gradients as e.g. produced by
a current wire (indicated on the left of the dot-array). Since every dot-spin is subject to a different Zeeman splitting, the
spins can be addressed individually, e.g. through ESR pulses of an additional in-plane magnetic ac field with the corresponding
Larmor frequency ωL. Such mechanisms can be used for single-spin rotations and the initialization step (see Sec. IIH and
Sec. IV). The exchange coupling between the dots is controlled by electrically lowering the tunnel barrier between the dots,
see Sec. IIIA. In this figure, the two rightmost dots are drawn schematically as tunnel-coupled.
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conduction band of a quantum dot (starting from
zero) has been achieved in GaAs heterostructures [25].
The electronic spectrum of typical quantum dots can
vary strongly when an external magnetic field is ap-
plied [24,25], since the magnetic length corresponding to
typical laboratory fields B ≈ 1 T is comparable to typi-
cal dot sizes. In coupled quantum dots Coulomb blockade
effects [26], tunneling between neighboring dots [24,26],
and magnetization [27] have been observed as well as the
formation of a delocalized single-particle state [28].

II. GENERAL CONSIDERATIONS FOR
QUANTUM COMPUTING WITH SPINS

A. Coherence

A fundamental problem in quantum physics is the issue
of the decoherence of quantum systems and the transi-
tion between quantum and classical behavior. Of course,
a lot of attention has been devoted in fundamental meso-
scopic research to characterizing and understanding the
decoherence of electrons in small structures. We remind
the reader, however, that most of what has been probed
(say in weak localization studies or the Aharonov-Bohm
effect) is the orbital coherence of electron states, that is,
the preservation of the relative phase of superpositions of
spatial states of the electron (e.g., in the upper and lower
arm of an Aharonov-Bohm ring). The coherence times
seen in these investigations are almost completely irrele-
vant to the spin coherence times which are important in
our quantum computer proposal. There is some relation
between the two if there are strong spin-orbit effects, but
our intention is that conditions and materials should be
chosen such that these effects are weak.

Under these circumstances the spin coherence times
(the time over which the phase of a superposition of
spin-up and spin-down states is well-defined) can be com-
pletely different from the charge coherence times (a few
nanoseconds), and in fact it is known that they can be
orders of magnitude longer (see below). This was actu-
ally one of our prime motivations for proposing spin [7]
rather than charge as the qubit in these structures. The
experimental measurement of this kind of coherence (i.e.
for spins) is not so familiar in mesoscopic physics, and
thus it is worth describing it briefly here.

In recent magneto-optical experiments, based on time-
resolved Faraday rotation measurements, long spin co-
herence times were found in doped GaAs in the bulk and
a 2DEG [2]. At vanishing magnetic field and T = 5 K, a
transverse spin lifetime (decoherence time) T ∗

2 exceeding
100 ns was measured, with experimental indications that
this time is a single-spin effect [2]. Since this number
still includes inhomogeneous effects—e.g. g-factor vari-
ations in the material, leading to spins rotating with
slightly different frequencies and thus reducing the to-
tal magnetization—it represents only a lower bound of

the transverse lifetime of a single spin, T2 ≥ T ∗
2 , which

is relevant for using spins as qubits. Using the same
pump-probe technique, spin lifetimes in semiconductor
quantum dots have been measured [29], with at most
one spin per dot. The relatively small T ∗

2 decoherence
times (a few ns at vanishing magnetic field), which have
been seen in these experiments, probably originate from
a large inhomogeneous broadening due to a strong vari-
ation of g-factors [29]. Nevertheless, the fact that many
coherent oscillations were observed [29] provides strong
experimental support to the idea of using electron spin
as qubits.

Since none of the experiments have been done on an
actual quantum computing structure as we envision it
(see below), the existing results cannot be viewed as con-
clusive. Because of sensitivity to details, theory can only
give general guidance about the mechanisms and depen-
dencies to be looked for, but cannot make reliable a priori

predictions of the decoherence times.
In fact there are further complications [7,11]: we know

theoretically that decoherence is not actually fully char-
acterized by a single rate; in fact, a whole set of numbers
is needed to fully characterize the decoherence process
(12 in principle for individual qubits), and no experi-
ment has been set up yet to completely measure this
set of parameters, although the theory of these measure-
ments is available. Even worse, decoherence effects will
in principle be modified by the act of performing quan-
tum computation (during gate operation, decoherence is
occurring in a coupled qubit system [7]). We believe that
the full characterization of decoherence will involve on-
going iteration between theory and experiment, and will
thus be inseparable from the act of building a reliable
quantum computer. Still, we should mention that recent
calculations [30] including spin-orbit interaction lead to
unusually low phonon-assisted spin-flip rates in quantum
dots, which indicates long spin-decoherence times. We
will discuss spin-qubit errors due to nuclear spins [31]
below in Sec. II G.

B. Upscaling

For the implementation of realistic calculations on a
quantum computer, a large number of qubits will be nec-
essary (on the order of 105). For this it is essential that
the underlying concept can be scaled up to a large num-
ber of qubits, which then can be operated in parallel (par-
allelism is required in known error correction schemes,
see Sec. II E). This scaling requirement is well achievable
with spin-based qubits confined in quantum dots, since
producing arrays of quantum dots [9,11] is feasible with
state-of-the-art techniques of defining nanostructures in
semiconductors. Of course, the actual implementation
of such arrays including all the needed circuits poses ex-
perimental challenges, but at least we are not aware of
physical restrictions which would exclude such an upscal-
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ing for spin-qubits.

C. Pulsed Switching

As we discuss in Sec. III and IV, quantum gate opera-
tions will be controlled through an effective Hamiltonian

H(t) =
∑

i<j

Jij(t)Si · Sj +
∑

i

µBgi(t)Bi(t) · Si , (1)

which is switched via external control fields v(t). Note
that in the following the exchange coupling is local, i.e.
Jij is finite only for neighboring qubits. However, in
cavity-QED systems, there is also a long-range coupling
of qubits as some of us have described in Ref. [32]. But
even if the exchange coupling is only local, operations on
non-neighboring qubits can still be performed. Since one
can swap the state of two qubits with the help of the ex-
change interaction only, as we will show in Sec. III, the
qubits can be moved around in an array of quantum dots.
Thus, a qubit can be transported to a place where it can
be coupled with a desired second qubit, where single-
qubit operations can be performed, or where it can be
measured.

The gating mechanisms described in Sec. III and IV do
not depend on the shape of P (v(t)), where P stands for
the exchange coupling J or the Zeeman interaction. Only
the time integral

∫ τ

0 P (v(t))dt needs to assume a certain
value (modulo 2π). The exchange interaction J(t) should
be switched adiabatically, i.e. such that |v̇/v| ≪ δε/h̄,
where δε is the energy scale on which excitations may
occur. Here, δε should be taken as the energy-level sep-
aration of a single dot (if spin is conserved). A rectan-
gular pulse leads to excitation of higher levels, whereas
an adiabatic pulse with amplitude v0 is e.g. given by
v(t) = v0 sech(t/∆t) where ∆t controls the width of
the pulse. We need to use a switching time τs > ∆t,
such that v(t= τs/2)/v0 becomes vanishingly small. We
then have |v̇/v| = |tanh(t/∆t)|/∆t ≤ 1/∆t, so we need
1/∆t≪ δε/h̄ for adiabatic switching. The Fourier trans-
form v(ω) = ∆tv0π sech(πω∆t) has the same shape as
v(t) but width 2/π∆t. In particular, v(ω) decays expo-
nentially in the frequency ω, whereas it decays only with
1/ω for a rectangular pulse.

D. Switching Times

Single qubit operations can be performed for example
in g-factor-modulated materials, as proposed in Sec. IV.
A spin can be rotated by a relative angle of φ =
∆geffµBBτ/2h̄ through changing the effective g-factor
by ∆geff for a time τ . Thus, a typical switching time
for an angle φ = π/2, a field B = 1 T, and ∆geff ≈ 1
is τs ≈ 30 ps. If slower operations are required, they
are easily implemented by choosing a smaller ∆geff , re-
ducing the magnitude of the field B, or by replacing φ

by φ+ 2πn with integer n, thus “overrotating” the spin.
Next we consider two exchange-coupled spins, which per-
form a square-root-of-swap gate for the integrated pulse
∫ τs

0
J(t)dt/h̄ = π/2, as described in Sec. III. We ap-

ply a pulse (see Sec. II C) J(t) = J0 sech(t/∆t) with
J0 = 80 µeV ≈ 1 K and ∆t = 4 ps. Again, we calculate a
switching time τs ≈ 30ps, while the adiabaticity criterion
is h̄/∆t ≈ 150µeV ≪ δε. Once more, the switching time
can be easily increased by adding 2πn with integer n to
the integrated pulse

∫ τs

0
J(t)/h̄, i.e. by “overswapping”

the two spins. This increased switching time allows a
slower switching of J(t) if required.

Further, we note that the total time consumed by an
algorithm can be optimized considerably by simultane-
ously switching different parameters of the Hamiltonian,
i.e. producing parallel instead of serial pulses. As an
example, we have shown that for an error-correcting al-
gorithm using only three qubits, a speed-up of a factor
of two can be achieved [33]. For algorithms handling a
larger number of qubits, a more drastic optimization can
be expected.

E. Error Correction

One of the main goals in quantum computation is
the realization of a reliable error-correction scheme [34],
which requires gate operations with an error rate not
larger than one part in 104. Taking the ratio of the de-
phasing time from Sec. II A, T2 ≥ 100ns, and the switch-
ing times from Sec. II D, τs ≈ 30 ps, we see that the tar-
geted error rate seems not to be out of reach in the near
future. From there on, an arbitrary upscaling of a quan-
tum computer becomes feasible and is no further limited
by decoherence and lacking gate precision, at least when
systems with a scalable number of qubits are considered.
We note that a larger number of qubits also requires a
larger total number of gate operations to be performed, in
order to implement the error-correction schemes. There-
fore it is inevitable to perform these operations in paral-
lel; otherwise the pursued gain in computational power is
used up for error correction. Hence, one favors concepts
where a localized control of the gates can be realized such
that operations can be performed in parallel. However,
since there are still many milestones to reach before so-
phisticated error-correction schemes can be applied, one
should by no means disregard setups where gate opera-
tions are performed in a serial way.

F. Precision Requirements

Quantum computation is not only spoiled by decoher-
ence, but also by a limited precision of the gates, i.e. by
the limited precision of the Hamiltonian. In order for
error correcting schemes to work, the (time integrated)
exchange and Zeeman interaction need to be controlled
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again in about one part in 104. While this requirement
is present in all quantum computer proposals, it empha-
sizes the importance of gates with fine control. After a
gate operation was performed on two qubits, one should
be able to turn off the coupling between these qubits very
efficiently, e.g. exponentially in the external fields, such
that errors resulting from the remaining coupling can be
reduced efficiently (if there is still a remaining coupling
this can easily result in correlated errors; however, such
correlated errors would pose new problems since known
error correction schemes explicitly exclude them). The
exchange coupling between two quantum dots can be in-
deed suppressed exponentially, as we will describe below
in Sec. III. A further possible source of errors are fluc-
tuating charges in the environment (e.g. moving charges
in the leads attached to the gates) since they can lead to
unknown shifts of the electrostatic potentials raised and
lowered for switching. However, it is known from exper-
iments on single quantum dots that such charge fluctua-
tions can be controlled on the scale of hours [35] which is
sufficiently long on the time-scale set by the spin decoher-
ence time which can be on the order of 10−6 secs. Still,
the ability to suppress 1/f noise will be very important for
well-controlled switching in quantum computation. Fi-
nally, we note that uncontrolled charge switching is not
nearly so great a problem for spin qubits as for charge
qubits, since this switching does not couple directly to
the spin degree of freedom.

G. Decoherence due to Nuclear Spins

It turns out that a serious source of possible qubit er-
rors using semiconductors such as GaAs is the hyperfine
coupling between electron spin (qubit) and nuclear spins
in the quantum dot [31]. In GaAs semiconductors, both
Ga and As possess a nuclear spin I = 3/2, and no Ga/As
isotopes are available with zero nuclear spin. This is in
contrast to Si-based structures which would be more ad-
vantageous from this aspect. However, in Si the control
over nanostructures such as quantum dots is not as ad-
vanced as in GaAs yet, but this might be just a question
of time. Anyway, we shall now see that such decoherence
effects can also be controlled by creating an Overhauser
field [31].

The hyperfine coupling between the electron spin S

and the nuclear spins I =
∑N

n=1 I(n), is given by AS · I,
where A is the hyperfine coupling constant. Due to this
coupling, a flip of the electron spin with a concomitant
change of one nuclear spin may occur, causing an error in
the quantum computation. We have analyzed this error
in the presence of a magnetic field Bz [31], and find in
time-dependent perturbation theory that the total prob-
ability for a flip of the electron spin oscillates in time.
The amplitude of these oscillations is

Pi ≈
1

N

(

B∗
n

B

)2

, (2)

where B is defined below and B∗
n = NAI/gµB is the

maximal magnitude of the effective nuclear field (Over-
hauser field). In typical quantum dots we have N ∼ 105.
If Bz = 0 and with a polarization p 6= 0, −1 ≤ p ≤ 1
of the nuclear spins, an effective nuclear field B = pB∗

n

is produced and the transition probability becomes sup-
pressed with Pi ≈ 1/p2N . Such a polarization p can
be established by dynamically spin-polarizing the nuclear
spins, e.g. by optical pumping [36] or by spin-polarized
currents at the edge of a 2DEG [37]. For these meth-
ods, nuclear Overhauser fields are reported as large as
pB∗

n = 4 T in GaAs (corresponding to p = 0.85) [37] and
which can have a lifetime on the order of minutes [36].
Alternatively, for unpolarized nuclei, the amplitude of Pi

can be suppressed by an external field B = Bz [Eq. (2)].
Thus, the decoherence of an electron spin due to hyper-
fine interaction can be suppressed drastically, either by
dynamically polarizing the nuclear spins in the host ma-
terial or by applying an external magnetic field. It would
be highly desirable to test this prediction by measuring
the electron-spin T2 time with and without Overhauser
field.

H. Initialization

At the beginning of most algorithms for quantum com-
puters as well as an input for error correcting schemes,
initialized qubits are required, i.e. qubits in a well defined
state such as spin up, |↑〉. Single spins can be polarized
by exposing them to a large magnetic field gµBB ≫ kT
and letting them relax to the ground state. Such a mag-
netic field could be applied locally or realized by forcing
the electrons (via external gates) into a magnetized layer,
into a layer with a different effective g-factor [7,9] or into a
layer with polarized nuclear spins (Overhauser effect) [31]
etc., see also Fig. 1 and Sec. IV. If a spin-polarized cur-
rent can be produced, such as by spin-polarizing mate-
rials [3,4] or by spin-filtering with the help of another
dot [38] (see Sec. VC), polarized electrons can be in-
jected into an empty quantum dot, i.e. the dot is filled
with an already initialized spin.

For some algorithms, it is favorable to start with a
given initial state, such as |0110 . . .〉, instead of a ground
state |0000 . . .〉. This can be readily implemented with
spins as qubits using standard electron spin resonance
(ESR) techniques [31]: We start with a ground state
|0000 . . .〉. Then we produce a Zeeman splitting by ap-
plying a static local magnetic field for these spins, which
should be initialized into state |1〉. An ac magnetic field
is then applied perpendicularly to the first field with a
resonant frequency that matches the Larmor frequency
ωL = gµBB/h̄. Due to paramagnetic resonance [39],
this causes spin-flips in the quantum dots with the cor-
responding Zeeman splitting, thus producing the desired
state. We note that since we do not want to affect the
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other spins (having a different Zeeman splitting) the am-
plitude of the ac field must be switched adiabatically, see
Sec. II C. Of course, spin precession can also be used to
perform single-spin rotations (see Sec. IV).

III. TWO-QUBIT GATES—COUPLED
QUANTUM DOTS

The main component for every computer concept is a
multi-(qu)bit gate, which eventually allows calculations
through combination of several (qu)bits. Since two-qubit
gates are (in combination with single-qubit operations)
sufficient for quantum computation [40]—they form a
universal set—we now focus on a mechanism that cou-
ples pairs of spin-qubits. Such a mechanism exists in
coupled quantum dots, resulting from the combined ac-
tion of the Coulomb interaction and the Pauli exclusion
principle. Two coupled electrons in absence of a magnetic
field have a spin-singlet ground state, while the first ex-
cited state in the presence of strong Coulomb repulsion is
a spin triplet. Higher excited states are separated from
these two lowest states by an energy gap, given either
by the Coulomb repulsion or the single-particle confine-
ment. The low-energy dynamics of such a system can be
described by the effective Heisenberg spin Hamiltonian

Hs(t) = J(t) S1 · S2, (3)

where J(t) denotes the exchange coupling between the
two spins S1 and S2, i.e. the energy difference between
the triplet and the singlet. After a pulse of J(t) with
∫ τs

0
dtJ(t)/h̄ = J0τs/h̄ = π (mod 2π), the time evolu-

tion U(t) = T exp(i
∫ t

0
Hs(τ)dτ/h̄) corresponds to the

“swap” operator Usw, whose application leads to an in-
terchange of the states in qubit 1 and 2 [7]. While Usw is
not sufficient for quantum computation, any of its square

roots U
1/2
sw , say U

1/2
sw |φχ〉 = (|φχ〉 + i|χφ〉)/(1 + i), turns

out to be a universal quantum gate. Thus, it can be
used, together with single-qubit rotations, to assemble
any quantum algorithm. This is shown by constructing
the known universal gate xor [41], through combination

of U
1/2
sw and single-qubit operations exp(iπSz

i /2), applied
in the sequence [7],

UXOR = ei(π/2)Sz
1 e−i(π/2)Sz

2 U1/2
sw eiπSz

1 U1/2
sw . (4)

With these universal gates at hand, we can reduce
the study of general quantum computation to the study
of single-spin rotations (see Sec. IV) and the exchange

mechanism, in particular how J(t) can be controlled
experimentally. The central idea is that J(t) can be
switched by raising or lowering the tunneling barrier be-
tween the dots. In the following, we shall review our
detailed calculations to describe such a mechanism. We
note that the same principles can also be applied to
other spin systems in quantum-confined structures, such
as coupled atoms in a crystal, supramolecular structures,

and overlapping shallow donors in semiconductors [17,42]
etc., using similar methods as explained below. We point
out that, beyond the mechanisms described in Sec. III A
and Sec. III B, spins in quantum dots can also be cou-
pled on a long distance scale by using a cavity-QED
scheme [32] or by using superconducting leads to which
the quantum dots are attached [43], see Sec. VI D.

A. Laterally Coupled Dots

We consider a system of two coupled quantum dots
in a two-dimensional electron gas (2DEG), containing
one (excess) electron each, as described in Sec. I B. The
dots are arranged in a plane, at a sufficiently small dis-
tance 2a, such that the electrons can tunnel between
the dots (for a lowered barrier) and an exchange in-
teraction J between the two spins is produced. We
model this system of coupled dots with the Hamiltonian
H =

∑

i=1,2 hi +C +HZ = Horb +HZ, where the single-

electron dynamics in the 2DEG (xy-plane) is described
through

hi =
1

2m

(

pi −
e

c
A(ri)

)2

+ V (ri), (5)

with m being the effective mass and V (ri) the con-
finement potential as given below. A magnetic field
B = (0, 0, B) is applied along the z-axis, which cou-
ples to the electron spin through the Zeeman interac-
tion HZ and to the charge through the vector potential
A(r) = B

2 (−y, x, 0). In almost depleted regions, like few-
electron quantum dots, the screening length λ can be ex-
pected to be much larger than the screening length in
bulk 2DEG regions (where it is 40 nm for GaAs). Thus,
for small quantum dots, say λ≫ 2a ≈ 40nm, we need to
consider the bare Coulomb interactionC = e2/κ|r1 − r2|,
where κ is the static dielectric constant. The confinement
and tunnel-coupling in Eq. (5) for laterally aligned dots
is modeled by the quartic potential

V (x, y) =
mω2

0

2

[

1

4a2

(

x2 − a2
)2

+ y2

]

, (6)

with the inter-dot distance 2a and aB =
√

h̄/mω0 the ef-
fective Bohr radius of the dot. Separated dots (a ≫ aB)
are thus modeled as two harmonic wells with frequency
ω0. This is motivated by the experimental evidence that
the low-energy spectrum of single dots is well described
by a parabolic confinement potential [25].

Now we consider only the two lowest orbital eigenstates
of Horb, leaving us with one symmetric (spin-singlet)
and one antisymmetric (spin-triplet) orbital state. The

spin state for the singlet is |S〉 = (|↑↓〉 − |↓↑〉)/
√

2,

while the triplet spin states are |T0〉 = (|↑↓〉+ |↓↑〉)/
√

2,
|T+〉=|↑↑〉, and |T−〉=|↓↓〉. For temperatures with kT ≪
h̄ω0, higher-lying states are frozen out and Horb can be
replaced by the effective Heisenberg spin Hamiltonian
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[Eq. (3)]. The exchange energy J = ǫt − ǫs is given as
the difference between the triplet and singlet energy. For
calculating these energies, we use the analogy between
atoms and quantum dots and make use of variational
methods similar to the ones in molecular physics. Using
the Heitler-London ansatz with ground-state single-dot
orbitals, we find [31],

J =
h̄ω0

sinh
(

2d2 2b−1
b

)

{

3

4b

(

1 + bd2
)

(7)

+c
√
b

[

e−bd2

I0
(

bd2
)

− ed2(b−1)/b I0

(

d2 b− 1

b

)]

}

,

where we have introduced the dimensionless distance
d = a/aB between the dots and the magnetic compres-

sion factor b = B/B0 =
√

1 + ω2
L/ω

2
0 with the Larmor

frequency ωL = eB/2mc. The zeroth order Bessel func-
tion is denoted by I0. In Eq. (7), the first term comes
from the confinement potential, while the terms propor-
tional to the parameter c =

√

π/2(e2/κaB)/h̄ω0 result
from the Coulomb interaction C; the exchange term is
recognized by its negative sign. We are mainly inter-
ested in the weak coupling limit |J/h̄ω0| ≪ 1, where
the ground-state Heitler-London ansatz is self-consistent.
We plot J [Eq. (7)] in Fig. 2 as a function of B and
d. We note that J(B = 0) > 0, which is generally true
for a two-particle system with time-reversal invariance.
We observe that over a wide range of the parameters c
and a, the sign of J(B) changes from positive to nega-
tive at a finite value of B (for the parameters chosen in
Fig. 2(a) at B ≈ 1.3 T). J is suppressed exponentially
either by compression of the electron orbitals through
large magnetic fields (b ≫ 1), or by large distances be-
tween the dots (d ≫ 1), where in both cases the orbital
overlap of the two dots is reduced. This exponential sup-
pression, contained in the 1/ sinh prefactor in Eq. (7),
is partly compensated by the exponentially growing ex-
change term ∝ exp(2d2(b − 1/b)). In total, J decays
exponentially as exp(−2d2b) for large b or d. Since the
sign reversal of J—signalling a singlet-triplet crossing—
results from the long-range Coulomb interaction, it is not
contained in the standard Hubbard model which takes
only short-range interaction into account. In this latter
model one finds J = 4t2/U > 0 in the limit t/U ≪ 1
(see Fig. 2). The Heitler-London result [Eq. (7)] was re-
fined by taking higher levels and double occupancy of the
dots into account (implemented in a Hund-Mullikan ap-
proach), which leads to qualitatively similar results [31],
in particular concerning the singlet-triplet crossing.

We remark again that the exponential suppression
of J is very desirable for minimizing gate errors, see
Sec. II F. In the absence of tunneling between the dots
we still might have direct Coulomb interaction left be-
tween the electrons. However, this has no effect on the
spins (qubit) provided the spin-orbit coupling is suffi-
ciently small, which is the case for s-wave electrons in
GaAs structures with unbroken inversion symmetry (this

would not be so for hole-doped systems since the hole has
a much stronger spin-orbit coupling due to its p-wave
character). Finally, the vanishing of J can be exploited
for switching by applying a constant homogeneous mag-
netic field to an array of quantum dots to tune J to zero
(or close to some other desirable value). Then, for switch-
ing J on and off, only a small gate pulse or a small local
magnetic field is needed.

FIG. 2. Exchange coupling J (full line) for GaAs quan-
tum dots with confinement energy h̄ω = 3 meV and c = 2.42.
For comparison we plot the usual short-range Hubbard result
J = 4t2/U (dashed-dotted line) and the extended Hubbard
result [31] J = 4t2/U +V (dashed line). In (a), J is plotted as
a function of the magnetic field B at fixed inter-dot distance
d = a/aB = 0.7, while in (b) as a function of the inter-dot
distance d = a/aB at B = 0.

B. Vertically Coupled Dots

We have also investigated the case of vertically tunnel-
coupled quantum dots [44]. Such a setup of the dots
has been produced in multilayer self-assembled quantum
dots (SAD) [45] as well as in etched mesa heterostruc-
tures [46]. We apply the same methods as described in
Sec. III A for laterally coupled dots, but now we extend
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the Hamiltonian Eq. (5) from two to three dimensions
and take a three-dimensional confinement V = Vl + Vv.
We implement the vertical confinement Vv as a quar-
tic potential similar to Eq. (6), with curvature ωz at
z = ±a [see Fig. 3(b)], implying an effective Bohr radius

aB =
√

h̄/mωz and a dimensionless distance d = a/aB.
We have modeled a harmonic potential for the lateral
confinement, while we have allowed different sizes of the
two dots aB± =

√

h̄/mα0±ωz. This allows additional
switching mechanisms as it is explained in the next para-
graph.

FIG. 3. (a) Two vertically coupled quantum dots with dif-
ferent lateral diameters aB+ and aB−. In the text, we discuss
magnetic and electric fields applied either in-plane (B‖, E‖)
or perpendicularly (B⊥, E⊥). (b) The quartic double-well po-
tential used for modeling the vertical confinement Vv, see text.
(c) Switching of the spin-spin coupling between dots of differ-
ent size by means of an in-plane electric field E‖ at B = 0. We
have chosen h̄ωz = 7meV, d = 1, α0+ = 1/2 and α0− = 1/4.
For these parameters, E0 = h̄ωz/eaB = 0.56 mV/nm and
A = (α2

0+ − α2
0−)/2α2

0+α2
0− = 6. The exchange coupling J

decreases exponentially on the scale E0/2A = 47 mV/µm for
the electric field. Thus, the exchange coupling is switched
“on” for E‖ = 0 and “off” for E‖

>∼ 150 mV/µm, see text.

Since we are considering a three-dimensional setup, the
exchange interaction is not only sensitive to the mag-
nitude of the applied fields, but also to their direction.
We now give a brief overview of our results [44] for in-
plane (B‖, E‖) and perpendicular (B⊥, E⊥) fields; this

setup is illustrated in Fig. 3(a): (1) An in-plane mag-
netic field B‖ suppresses J exponentially; a perpendic-
ular field in laterally coupled dots has the same effect
(Sec. III A). (2) A perpendicular magnetic fields B⊥ re-
duces on the one hand the exchange coupling between
identically sized dots α0+ = α0− only slightly. On the
other hand, for different dot sizes aB+ < aB−, the be-
havior of J(B⊥) is no longer monotonic: Increasing B⊥

from zero amplifies the exchange coupling J until both
electronic orbitals are magnetically compressed to ap-
proximately the same size, i.e. B ≈ 2mα0+ωzc/e. From
this point, J decreases weakly, as for identically sized
dots. (3) A perpendicular electric field E⊥ detunes the
single-dot levels, and thus reduces the exchange coupling;
the very same finding was made for for laterally cou-
pled dots and an in-plane electric field [31]. (4) An
in-plane electric field E‖ and different dot sizes pro-
vide another switching mechanism for J . The dots are
shifted parallel to the field by ∆x± = E‖/E0α

2
0±, where

E0 = h̄ωz/eaB. Thus, the larger dot is shifted a greater
distance ∆x− > ∆x+ and so the mean distance between
the electrons grows as d′ =

√

d2 +A2(E‖/E0)2 > d, tak-

ing A = (α2
0+ −α2

0−)/2α2
0+α

2
0−. Since the exchange cou-

pling J is exponentially sensitive to the inter-dot distance
d′, it is suppressed exponentially when an in-plane elec-
tric field is applied, J ≈ exp[−2A2(E‖/E0)

2], which is
illustrated in Fig. 3(c). Thereby we have given an expo-
nential switching mechanism for quantum gate operation
relying only on a tunable electrical field, in addition to
the magnetically driven switching discussed above.

C. Singlet-Triplet Entangling Gate

An operation which encodes a single spin 1/2 state |α〉
into a singlet or triplet state can be used for measuring
the state of the qubit represented by |α〉, when a mea-
surement device capable of distinguishing singlet/triplet
states is available (see e.g. Sec. VI C). Further, such an
operation acts as an “entangler” for electron pairs used in
quantum communication (see Sec. VI). Indeed, we can
construct such a two-qubit operation explicitly. While
quantum dot 1 is in state |α〉, we prepare the state of the

quantum dot 2 to |↑〉, perform a U
1/2
sw gate and finally

apply a local Zeeman term, generating the time evolution
exp {i(π/2)Sz

1}, thus

|↑↑〉
|↓↑〉

}

e
i π
2

Sz
1 U1/2

sw−−−−−−→
{

ei π
4 |↑↑〉 ,

−i (|↓↑〉 − |↑↓〉) /
√

2 .
(8)

In other words, this operation maps the triplet |↑↑〉 (and
|↓↓〉) into itself, while the state |↓↑〉 is mapped into the

singlet (and |↑↓〉 into the triplet (|↑↓〉+ |↓↑〉)/
√

2), up to
phase factors.
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IV. SINGLE-SPIN ROTATIONS

A requirement for quantum computing is the possi-
bility to perform one-qubit operations, which translates
in the context of spins into single-spin rotations. So it
must be possible to expose a specific qubit to a time-
varying Zeeman coupling (gµBS · B)(t) [31], which can
be controlled through both the magnetic field B and/or
the g-factor g. Since only phases have a relevance, it is
sufficient to rotate all spins of the system at once (e.g.
by an external field B), but with a different Larmor fre-
quency. We have proposed a number of possible imple-
mentations [7,31,9,11] for spin-rotations:

The equilibrium position of the electron can be moved
around through electrical gating. Thus, if the electron
wave function is pushed into a region with a different
magnetic field strength or (effective) g-factor, one pro-
duces a relative rotation around the direction of B by an
angle of φ = (g′B′ − gB)µBτ/2h̄, see Fig. 1. Regions
with an increased magnetic field can be provided by a
magnetic (dot) material while an effective magnetic field
can be produced e.g. with dynamically polarized nuclear
spins (Overhauser effect) [31].

We shall now explain a concept for using g-factor-
modulated materials [9,11]. In bulk semiconductors the
free-electron value of the Landé g-factor g0 = 2.0023 is
modified by spin-orbit coupling. Similarly, the g-factor
can be drastically enhanced by doping the semiconduc-
tor with magnetic impurities [4,3]. In confined structures
such as quantum wells, wires, and dots, the g-factor is
further modified and becomes sensitive to an external
bias voltage [47]. We have numerically analyzed a sys-
tem with a layered structure (AlGaAs-GaAs-InAlGaAs-
AlGaAs), in which the effective g-factor of electrons is
varied by shifting their equilibrium position from one
layer to another by electrical gating [48]. We have found
that in this structure the effective g-factor can be changed
by about ∆geff ≈ 1 [11].

Alternatively, one can use ESR techniques for switch-
ing (as already explained in Sec. II H).

Furthermore, localized magnetic fields can be gener-
ated with the magnetic tip of a scanning force micro-
scope, a magnetic disk writing head, by placing the dots
above a grid of current-carrying wires, or by placing a
small wire coil above the dot etc.

V. MEASURING A SINGLE SPIN (READ-OUT)

A. Spin Measurements through Spontaneous
Magnetization

One scheme for reading out the spin of an electron on
a quantum dot is implemented by tunneling of this elec-
tron into a supercooled paramagnetic dot [7,9]. There
the spin induces a magnetization nucleation from the

paramagnetic metastable phase into a ferromagnetic do-
main, whose magnetization direction (θ, φ) is along the
measured spin direction and which can be measured by
conventional means. Since this direction is continuous
rather than only one of two values, we describe this
generalized measurement in the formalism of positive-
operator-valued (POV) measurements [49] as projection
into the overcomplete set of spin-1/2 coherent states
|θ, φ〉 = cos(θ/2)|↑〉 + eiφ sin(θ/2)|↓〉. Thus if we in-
terpret a magnetization direction in the upper hemi-
sphere as |↑〉, we have a 75%-reliable measurement, since
(1/2π)

∫

θ≥π/2
dΩ |〈↑ |θ, φ〉|2 = 3/4, using the normaliza-

tion constant 2π for the coherent spin states.

B. Spin Measurements via the Charge

While spins have the intrinsic advantage of long deco-
herence times, it is very hard to measure a single spin
directly via its magnetic moment. However, measuring
the charge of single electrons is state of the art. Thus it
is desirable to have a mechanism for detecting the spin
of an electron via measuring charge, i.e. voltage or cur-
rent [7].

A straightforward concept yielding a potentially 100%
reliable measurement requires a switchable “spin-filter”
tunnel barrier which allows only, say, spin-up but no spin-
down electrons to tunnel. When the measurement of a
spin in a quantum dot is to be performed, tunneling be-
tween this dot and a second dot, connected to an elec-
trometer, is switched on, but only spin-up electrons are
allowed to pass (spin-filtering). Thus if the spin had been
up, a charge would be detected in the second dot by the
electrometer [7], and no charge otherwise. Again, this is
a POV type of measurement (see above). It is known how
to build electrometers with single-charge detection capa-
bilities; resolutions down to 10−8 of one electron charge
have been reported [50]. Spin filtering and also spin-state
measurements can be achieved by tunneling through a
quantum dot [38] as we shall discuss next.

C. Quantum Dot as Spin Filter and
Read-Out/Memory Device

We discuss now a setup—quantum dot attached to in-
and outgoing current leads l = 1, 2—which can be oper-
ated as a spin filter, or as a read-out device, or as a spin-
memory where a single spin stores the information [38].

A new feature of this proposal is that the spin-
degeneracy is lifted with different Zeeman splittings in
the dot and in the leads, e.g. by using materials with dif-
ferent effective g-factors for leads and dot [38]. This re-
sults in Coulomb blockade peaks and spin-polarized cur-
rents which are uniquely associated with the spin state
on the dot.
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The setup is described by a standard tunneling Hamil-
tonian H0 + HT [51], where H0 = HL + HD describes
the leads and the dot. HD includes the charging and in-
teraction energies of the electrons in the dot as well as
their Zeeman energy ±gµBB/2 in an external magnetic
field B. The tunneling between leads and the dot is de-

scribed by HT =
∑

l,k,p,s tlpc
†
lksdps + h.c., where clks an-

nihilates electrons with spin s and momentum k in lead l
and dps annihilates electrons in the dot. We consider
the Coulomb blockade regime [24] where the charge on
the dot is quantized. Then we apply a standard master-
equation approach [52,38] with a reduced density matrix
of the dot and calculate the transition rates in a “golden-
rule” approach up to 2nd order in HT . The first-order
contribution to the current is the sequential tunneling
current Is [24], where the number of electrons on the dot
fluctuates and thus the processes of an electron tunnel-
ing from the lead onto the dot and vice versa are allowed
by energy conservation. The second-order contribution
is the cotunneling current Ic [53], involving a virtual in-
termediate state with a different number of electrons on
the dot (see also Sec. VI C).

We now consider a system, where the Zeeman splitting
in the leads is negligible (i.e. much smaller than the Fermi
energy) while on the dot it is given as ∆z = µB|gB|. We
assume a small bias ∆µ = µ1 −µ2 > 0 between the leads
at chemical potential µ1, 2 and low temperatures so that
∆µ, kT < δ, where δ is the characteristic energy-level
distance on the dot. First we consider a quantum dot in
the ground state, filled with an odd number of electrons
with total spin 1/2, which we assume to be |↑〉 and to
have energy E↑ = 0. If an electron tunnels from the lead
onto the dot, a spin singlet is formed with energy ES ,
while the spin triplets are (usually) excited states with
energies ET±

and ET0
. At the sequential tunneling res-

onance, µ1 > ES > µ2, where the number of electrons
on the dot fluctuates between N and N + 1, and in the
regime ET+

− ES , ∆z > ∆µ, kT , energy conservation
only allows ground state transitions. Thus, spin-up elec-
trons are not allowed to tunnel from lead 1 via the dot
into lead 2, since this would involve virtual states |T+〉
and |↓〉, and so we have Is(↑) = 0 for sequential tun-
neling. However, spin down electrons may pass through

the dot in the process ↓ l↑ i → l↑↓ f , followed by l↑↓ i →
l↑ ↓f . Here the state of the quantum dot is drawn inside

the circle, while the states in the leads are drawn to the
left and right, resp., of the circle. This leads to a spin-

polarized sequential tunneling current Is = Is(↓), which
we have calculated as [38]

Is(↓)/I0 = θ(µ1 − ES) − θ(µ2 − ES), kBT < ∆µ, (9)

Is(↓)/I0 =
∆µ

4kBT
cosh−2

[

ES − µ

2kBT

]

, kBT > ∆µ, (10)

where µ = (µ1 + µ2)/2 and I0 = eγ1γ2/(γ1 + γ2). Here
γl = 2πν|Alnn′ |2 is the tunneling rate between lead l
and the dot and we have introduced the matrix elements
Aln′n =

∑

ps tlp〈n′|dps|n〉. Similarly, for N even we find

Is(↓) = 0 while for Is(↑) a similar result holds [38] as in
Eqs. (9), (10).

Even though Is is completely spin-polarized, a leak-
age of current with opposite polarization arises through
cotunneling processes [38]; still the leakage is small, and
the efficiency for ∆z < |ET+

− ES | for spin filtering in
the sequential regime becomes [38]

Is(↓)/Ic(↑) ∼
∆2

z

(γ1 + γ2)max{kBT,∆µ}
, (11)

and equivalently for Is(↑)/Ic(↓) at the even-to-odd tran-
sition. In the sequential regime we have γi < kBT,∆µ,
thus, for kBT,∆µ < ∆z , we see that the spin-filtering is
very efficient.

We discuss now the opposite case where the leads are
fully spin polarized with a much smaller Zeeman split-
ting on the dot [38]. Such a situation can be realized
with magnetic semiconductors (with effective g-factors
reaching 100 [3]) where spin-injection into GaAs has re-
cently been demonstrated for the first time [3,4]. An-
other possibility would be to work in the quantum Hall
regime where spin-polarized edge states are coupled to a
quantum dot [54]. In this setup the device can be used
as read-out for the spin state on the dot. Assume now
that the spin polarization in both leads is up, and the
ground state of the dot contains an odd number of elec-
trons with total spin 1/2. Now the leads can provide and
absorb only spin-up electrons. Thus, a sequential tunnel-
ing current will only be possible if the dot state is |↓〉 (to
form a singlet with the incoming electron, whereas the
triplet is excluded by energy conservation). Hence, the
current is much larger for the spin on the dot being in
|↓〉 than it is for |↑〉. Again, there is a small cotunnel-
ing leakage current for the dot-state |↑〉, with a ratio of
the two currents given by Eq. (11). Thus, we can probe
(read out) the spin-state on the quantum dot by mea-
suring the current which passes through the dot. Given
that the sequential tunneling current is typically on the
order of 0.1 − 1 nA [24], we can estimate the read-out
frequency I/2πe to be on the order of 0.1−1 GHz. Com-
bining this with the initialization and read-in techniques
from Sec. II H, i.e. ESR pulses to switch the spin state,
we have a spin memory at the ultimate single-spin limit,
whose relaxation time is just the spin relaxation time.
This relaxation time can be expected to be on the order
of 100’s of nanoseconds [2], and can be directly measured
via the currents when they switch from high to low due
to a spin flip on the dot [38].

D. Optical Measurements

Measurements of the Faraday rotation [2] originating
from a pair of coupled electrons would allow us to distin-
guish between spin singlet and triplet [44]: In the singlet
state (S = 0, no magnetic moment) there is no Fara-
day rotation, whereas in the triplet state (S = 1) the
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polarization of linearly polarized light is rotated slightly
due to the presence of the magnetic moment. A single
spin |α〉 can be measured either directly via Faraday ro-
tation or by first entangling it with another spin |↑〉 and
then applying the singlet/triplet-measurement. This en-
tanglement is achieved by applying the gate defined in
Sec. III C, resulting in either a triplet or singlet, depend-
ing on whether |α〉 was |↑〉 or |↓〉. However, much more
work is required to analyze the Faraday rotation (in par-
ticular to calculate the oscillator strength for such pro-
cesses) in order to assess its efficiency for spin measure-
ments.

VI. QUANTUM COMMUNICATION WITH
ENTANGLED ELECTRONS

A (pure) state of two particles (qubits) is called entan-
gled, if it cannot be expressed as a tensor product of two
single-particle states. Many tasks in quantum communi-
cation require maximally entangled states of two qubits
(EPR pairs) such as the spin singlet [23]. Note that also
the triplet |T0〉 is an entangled state, while the other
two triplets |T±〉 are not. The quantum gate mecha-
nism described in Sec. III C is one possibility for pro-
ducing such entangled states (we call in general such a
device an entangler, for which a number of realizations
are conceivable). Here we discuss three experimental se-
tups by which the entanglement of electrons can be de-
tected via their charge in transport and noise measure-
ments in mesoscopic nanostructures [9,55,56,43]. This
investigation touches on fundamental issues such as the
non-locality of quantum mechanics, especially for mas-
sive particles, and genuine two-particle Aharonov-Bohm
effects which are fascinating topics in their own right.
The main idea here is to exploit the unique relation be-
tween the symmetry of the orbital state and the spin
state (for two electrons) which makes it possible to de-
tect the spin state again via the charge (orbital) degrees
of freedom of the electrons.

We should emphasize here that entanglement per se is
rather the rule than the exception in condensed matter
systems. For instance every ground state of a many-
electron system is entangled simply by the antisymmetry
requirement for the wave function. However, the key here
is to have separate control over each specified particle
which belongs to an entangled many-particle state.

In quantum optics, violations of Bell inequalities and
quantum teleportation with photons have been investi-
gated [57,58], while so far no corresponding experiments
for electrons in a solid-state environment are reported.

A. Adding Entangled Electrons to the Fermi Sea

When we consider the injection of entangled electrons
into a Fermi sea, we must keep in mind that there is

always Coulomb interaction present with all the other
electrons in the leads. So we need to analyze its effect
on the entanglement [9,56]. Specifically, when we add an
electron in state q to a Fermi sea (lead), the quasiparticle
weight of that state will be renormalized by 0 ≤ zq ≤ 1
(see below), i.e. some weight 1−zq to find the electron in
the original state q will be distributed among all the other
electrons [9,56]. This rearrangement of the Fermi system
due to the Coulomb interaction happens very quickly,
on a timescale given by the inverse plasmon frequency.
So, the question now is: how big is this renormalization?
More precisely, when a triplet/singlet electron pair (t and
s for short) is injected from an entangler into two leads 1
and 2, we obtain the state

|ψt/s
nn′〉 =

1√
2

(a†
n↑a

†
n′↓ ± a†

n↓ a
†
n′↑ ) |ψ0〉, (12)

with the filled Fermi sea |ψ0〉, n = (q, l), q the momen-
tum of an electron, and l the lead number. The operator
a†
nσ creates an electron in state n with spin σ. The propa-

gation of the triplet or singlet, interacting with all other
electrons in the Fermi sea, can be described by the 2-

particle Green’s function Gt/s(12,34; t) = 〈ψt/s
12
, t|ψt/s

34
〉.

If we prepare a triplet (singlet), Gt/s(12,12; t) is the am-
plitude of finding a triplet (singlet) after time t. Assum-
ing sufficiently separated leads with negligible mutual in-
teraction, we find [9,56] |Gt/s(12,12; t)| = z2

F . For a
spin-independent Hamiltonian with bare Coulomb inter-
action only and within RPA [51], the quasiparticle weight
for a 2DEG is given by [9,56] zF = 1− rs (1/2 + 1/π), in
leading order of the interaction parameter rs = 1/kFaB,
where aB = ǫ0h̄

2/me2 is the Bohr radius and kF the
Fermi wavevector. In a GaAs 2DEG we have aB = 10.3
nm and rs = 0.614, and thus we obtain zF = 0.665.
Therefore, we conclude that the entanglement of a pair of
electrons injected into a Fermi liquid will be reduced but
there is still a finite probability left to preserve the entan-
gled state. This holds provided the spin-scattering effects
are small. That this is indeed the case in GaAs 2DEGs
is supported by experiments [2] where the electron spin
has been transported phase-coherently over distances of
up to 100 µm [2].

B. Noise of Entangled Electrons

It has been known [59,60] for quite some time that
bosons such as photons show “bunching” behavior when
measuring the correlations between particles (“noise”) in
an incoming particle current. More recently, the oppo-
site behavior for fermions, “antibunching”, was expected
theoretically [61–63] and found experimentally [64], in
particular for electrons. However, as we have pointed
out recently [9] the noise of electrons in current-carrying
wires is not sensitive to the symmetry of the total wave
function but only to the symmetry of the orbital part
of it, at least if no spin-scattering processes are present.
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Thus, if we now consider a two-electron state, we expect
antibunching for the triplet states, since they have an
antisymmetric orbital wave function, whereas the orbital
wave function associated with the spin singlet state is
symmetric, and so we expect a bunching behavior. This
leads to an observable decrease or increase in noise for
electrons, depending on their common spin state, as we
shall discuss next [56].

We assume that an entangler generates pairs of entan-
gled electrons which are then injected into lead 1 and 2,
one electron each, as shown in Fig. 4. A beam splitter is
inserted in order to create two-particle interference effects
in the sense that there is an equal probability amplitude
for incoming electrons (from lead 1 or 2) to leave into
lead 3 or 4 (note that the electrons in a Fermi liquid wire
hardly interact which each other; the role of the beam
splitter is thus to simulate direct and exchange Coulomb
processes). The quantity of interest is then the noise,
i.e. the current-current correlations, measured in leads 3
and/or 4.

The amplitude of recovering a singlet or triplet state
after injecting it into an interacting Fermi sea is reduced
by a factor of z−2

F ≈ 2 (see Sec. VI A). Except for this
renormalization, the entanglement of the singlet or triplet
state is not affected by the interacting electrons in the
filled Fermi sea. Thus we can now calculate transport
quantities using the standard scattering theory for non-
interacting quasiparticles in a Fermi liquid. We consider

the entangled incident states |±〉 ≡ |ψt/s
12

〉 with one elec-
tron per lead and the quantum numbers n = (εn, n),
where εn is the energy of the electron. Considering a mul-
titerminal conductor with density of states ν, we assume
that the leads consist of only one quantum channel; the
generalization to several channels is straightforward. The
(unpolarized) current operator for lead α can be written
as [61]

Iα(t) =
e

hν

∑

σεε′

[

a†ασ(ε)aασ(ε
′)−b†ασ(ε)bασ(ε

′)
]

ei(ε−ε′)t/h̄,

(13)

where a†ασ(ε) creates an incoming electron with spin σ
and energy ε in the lead α. The operators bασ(ε) for the
outgoing electrons are given by bασ(ε) =

∑

β sαβaβσ(ε)
with the scattering matrix sαβ , which is assumed to be
spin- and energy-independent. The average currents in
the leads, |〈Iα〉| = e/hν, are not sensitive to the orbital
symmetry of the wavefunction. The spectral densities of
the fluctuations δIα = Iα −〈Iα〉 between the leads α and
β are

Sαβ(ω) = lim
T→∞

hν

T

∫ T

0

dt eiωt Re〈±|δIα(t)δIβ(0)|±〉, (14)

which are now evaluated with the scattering matrix for
the beamsplitter (Fig. 4) with the reflection and trans-
mission amplitudes r and t, thus s31 = s42 = r, and s41 =

s32 = t and no backscattering, so s12 = s34 = sαα = 0.
We obtain for the noise at zero frequency [56]

S33 = S44 = −S34 = 2
e2

hν
T (1 − T ) (1 ∓ δε1ε2

) . (15)

Here, the minus (plus) sign refers to the spin triplet (sin-
glet) and T = |t|2 is the transmission coefficient of the
beam splitter. If two electrons with the same energies,
ε1 = ε2, in the singlet state are injected into the leads
1 and 2, the shot noise is enhanced by a factor of two
compared to the value for uncorrelated particles [61,65],
2e2T (1 − T )/hν. This amplification of the noise arises
from bunching of the electrons due to their symmetric
orbital wavefunction, such that the electrons preferably
appear in the same outgoing leads. If the electron pairs
are injected as a triplet, an antibunching effect appears,
completely suppressing the noise, i.e. S(ω=0) = 0. We
stress that the sign of cross-correlations does not carry
any signature of statistics, e.g. here the different signs
of S34 and S33 = S44 [Eq. (15)] merely reflect current
conservation and absence of backscattering. Since the
bunching effect appears only for a state with a symmet-
ric orbital wave function, which is not the case for un-
entangled electron states, measuring noise enhancement
in the outgoing arms of the beamsplitter provides unique
evidence for entanglement [56].

FIG. 4. The proposed setup for measuring noise of en-
tangled electrons. The entangler takes uncorrelated electrons
from the Fermi leads 1′ and 2′. Pairs of entangled electrons
(singlet or triplet) are produced in the entangler and then
injected into the leads 1 and 2, one electron per lead. The
current of these two leads are then mixed with a beam split-
ter (to induce scattering interference) and the resulting noise
is then measured in lead 3 and 4: no noise (antibunching) for
triplets, whereas we get enhanced noise (bunching) for singlets
(i.e. EPR pairs).

C. Spin-dependent Current through a Double
Dot—Probing Entanglement

We turn now to a setup by which the entanglement of
two electrons in a double-dot can be measured through
current and noise [55]. For this we consider a double-
dot which is weakly coupled, with tunneling amplitude
Γ, to in-and outgoing leads at chemical potentials µ1, 2.
As shown in Fig. 5, the dots are put in parallel in con-
trast to the standard series connection. We work in the
Coulomb blockade regime [24] where the charge on the
dots is quantized and in the cotunneling regime [53,66],
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with U > |µ1 ± µ2| > J > kBT, 2πνΓ
2, where U is the

single-dot charging energy, ν the lead density of states,
and J the exchange coupling (see Sec. III). The cotun-
neling current involves a coherent virtual process where
an electron tunnels from a dot to, say, lead 2 and then a
second electron tunnels from lead 1 to this dot. Assum-
ing |µ1 − µ2| > J , elastic as well as inelastic cotunneling
occurs. Further, Γ is assumed to be sufficiently weak so
that the double-dot will return to its equilibrium state
before the next electron passes through. Since an elec-
tron can either pass through the upper or lower dot, a
closed loop is formed by these two paths, and in the pres-
ence of a magnetic flux the upper and the lower paths
collect a phase difference given by the Aharonov-Bohm
phase φ = ABe/h̄ (with A being the loop area), thus
leading to interference effects. If the two electrons on the
double-dot are in the singlet state, then the tunneling
current acquires an additional phase of π (see below and
Fig. 5) leading to a sign reversal of the coherent contri-
bution compared to that for triplets. Explicitly, we find
for the cotunneling current [55]

I = eπν2Γ4 µ1 − µ2

µ1µ2
(2 ± cosφ) , (16)

and for the shot noise power S(0) = −e|I|, where the
upper sign refers to the triplet states in the double-dot
and the lower sign to the singlet state.

FIG. 5. Two coupled quantum dots with tunnel contacts
to in- and outgoing leads to probe the entanglement on the
dot (see text). The large box shows an initial state i with one
spin-up electron in the left lead and two electrons on the dou-
ble dot in state (|↑↓〉±|↓↑〉)/

√
2, where the first term is drawn

in black in the left part of the dots and the second term in
gray on the right. After the tunneling processes 1, 2 or 1′, 2′,
the final state f is reached, where a spin-down electron is in
the right lead and the state on the dots is |T+〉 = |↑↑〉, as
shown in the small box.

Eq. (16) can be reproduced, up to a prefactor, by the
following heuristic argument. Consider the two spins
on the double dot to be in the singlet state |S〉 =

(|↑↓〉− |↓↑〉)/
√

2 or in a triplet state, say, |T0〉 = (|↑↓〉+

|↓↑〉)/
√

2. These superpositions are illustrated in Fig. 5
by drawing the first term in black in the left part of the
dots and the second term in gray on the right. We con-
sider the contribution IT+

to the current, where we start
with one spin-up electron in the left lead and end with

a spin-down electron in the right lead and the triplet
state |T+〉 on the double dot (see inset of Fig. 5). For
this process, either a spin-down electron tunnels first (1)
from the lower dot into the right lead and then (2) the
spin-up electron from the left lead tunnels into the lower
dot. Or the upper dot participates via (1′) and (2′), but
now the state |↓↑〉 is involved, thus if the initial state
on the double dot is a singlet, the transition amplitudes
for upper and lower path acquire opposite signs, whereas
there is no sign change if we started out from a triplet
(as shown for |T0〉 in Fig. 5). Therefore, we can write
the transition amplitudes A21 = |A21|eiφ/2 ∝ Γ2 for the
lower path and A2′1′ = ±|A21|e−iφ/2 for the upper path,
where the upper/lower sign stands for a triplet/singlet
initial state on the double-dot. This leads to a total
transition amplitude of Afi = A21 + A2′1′ , and a cur-
rent IT+

∝ e|Afi|2 = 2e|A21|2(1 ± cosφ). Note that the
transition |S〉 → |T+〉 is inelastic whereas |T0〉 → |T+〉
is not. For an initial singlet state on the double-dot,
the other inelastic processes |S〉 → |T0〉, |T−〉 also yield
a current proportional to 1 − cosφ, while the current
from the elastic process |S〉 → |S〉 is proportional to
1 + cosφ. Similarly, starting with a triplet, the sign
of the cosφ term is negative for an inelastic process,
while it is positive for an elastic one. Note that there
is only one inelastic process |T 〉 → |S〉, whereas there are
more elastic processes allowed for |T 〉 → |T 〉. The total
current is obtained by summing over all terms, yielding
I =

∑

f If ∝ eΓ4(2± cosφ), where the upper sign stands
for an initial triplet state and the lower sign for a singlet,
in agreement with Eq. (16). We finally emphasize that
for the singlet |S〉 and for the triplet |T0〉 the double-dot
state is entangled, i.e. a correlated two-particle state, and
thus the proposed setup probes a genuine two-particle
interference effect via the Aharonov-Bohm oscillations in
the current (noise). Note also that we can continuously
transmute the statistics from fermionic to bosonic (like
for anyons): the symmetric orbital part of |S〉 goes into
an antisymmetric one at half a flux quantum, and vice
versa for |T0〉.

We have evaluated the noise also for finite frequen-
cies [55], and found that again S(ω) ∝ (2 ± cosφ), and,
moreover, that the odd part of S(ω) leads to slowly
decaying oscillations of the noise in real time, S(t) ∝
sin(µt)/µt, µ = (µ1 + µ2)/2, which can be ascribed to
a charge imbalance on the double dot during an uncer-
tainty time µ−1.

We finally note that the three triplets can be further
distinguished by an orientationally inhomogeneous mag-
netic field which results in a spin-Berry phase [67,55] that
leads to left, right or no phase-shift in the Aharonov-
Bohm oscillations of the current (noise).
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D. Double Dot with Superconducting Leads

We have considered a further scenario of double-
dots [43], where the dots are aligned in parallel between
the leads, as in Sec. VI C, but now no direct coupling
is assumed between them. However, they are coupled
with a tunneling amplitude Γ to two superconducting
leads. The s-wave superconductor favors an entangled
singlet-state on the dots (like in a Cooper pair) and fur-
ther provides a mechanism for detecting the spin state
via the Josephson current. It turns out that in leading
order ∝ Γ4 the spin coupling is again described by a
Heisenberg Hamiltonian [43]

Heff ≈ J (1 + cosϕ)

(

Sa · Sb −
1

4

)

, (17)

where J ≈ 2Γ2/ǫ, and the energy of the dot is ǫ be-
low the lead Fermi energy. Here, ϕ is the average
phase difference across the superconductor–double-dot–
superconductor (S-DD-S) junction. We can modify the
exchange coupling between the spins by tuning the ex-
ternal control parameters Γ and ϕ. Thus, we have pre-
sented here another implementation of a two-qubit quan-
tum gate (see Sec. III) or an “entangler” for EPR trans-
port (see Sec. VI B). Furthermore, the spin state on the
dot can be probed if the superconducting leads are joined
with one additional (ordinary) Josephson junction with
coupling J ′ and phase difference θ into a SQUID-ring.
The supercurrent IS through this ring is given by [43]

IS/IJ =

{

sin(θ − 2πf) + (J ′/J) sin θ , singlet,
(J ′/J) sin θ , triplets,

(18)

where IJ = 2eJ/h̄. Measurement of the spin- and flux-
dependent critical current Ic = maxθ{|IS |} probes the
spin state of the double dot. This is realized by biasing
the system with a dc current I until a finite voltage V
appears for |I| > Ic [43].

VII. CONCLUSIONS

We have described a concept for a quantum computer
based on electron spins in quantum-confined nanostruc-
tures, in particular quantum dots, and presented theo-
retical proposals for manipulation, coupling and detec-
tion of spins in such structures. We have discussed the
requirements for initialization, read-in, gate operations,
read-out, coherence, switching times and precision and
their actual realization. By putting it all together, we
have illustrated how a scalable, all-electronically con-
trolled quantum computer can be envisioned.

We have shown that there is a fruitful link between
mesoscopic transport phenomena and quantum commu-
nication that is based on production, detection and trans-
port of electronic EPR pairs. We have proposed and
analyzed a variety of experimental setups which would

probe novel spin-based phenomena in open and closed
mesoscopic nanostructures. The involved physics, which
is based on strong correlations and spin phase-coherence
of electrons, is of fundamental interest in its own right—
quite apart from future applications.

Finally, by implementing the ideas proposed here, ex-
perimental evidence could be gained to demonstrate con-
trolled entanglement and coherence of electron spins in
nanostructures. This would be a first step in showing
that the proposed scheme of spin-based qubits is indeed
suitable for quantum computing and quantum communi-
cation.
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